Solutions to Exercises for the book
“Infinite-dimensional Spectral Computations”

Abstract

This is a complete set of solutions to the exercises in the book, “INFINITE-DIMENSIONAL SPECTRAL
COMPUTATIONS: Foundations, Algorithms, and Modern Applications”. The solutions were provided by Matthew
Colbrook, Gustav Conradie, George Coote, and April Herwig. Any corrections, suggestions or comments should be
emailed to Matthew Colbrook at m.colbrook@damtp.cam.ac.uk. Some of the solutions are linked to research papers,
in which case we have provided a reference and discussion.
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1 Chapter 1

Exercise 1.1

The sequence {#;v,} has a weakly convergent subsequence (by the Banach—Alaoglu theorem!). Without loss of
generality, it is enough to assume that P, v, converges weakly to v and show that v must equal 0. Since A is bounded
and PP, converges strongly to the identity, P, P,AP;v, converges weakly to Av. But P;P,AP,v, = 1,P,v,, which
converges weakly to Av. Hence, Av = Av. Since A ¢ Sp(A), A cannot be an eigenvalue and we must have v = 0.

Exercise 1.2

Consider the Fourier transform defined by
[F flw) = f Sf(x) exp(=2miwx) dx,
R

for smooth compactly supported functions on L?>(R). With this convention, ¥ extends to a unitary transformation on
the whole of L?>(R). Let M be the (unbounded) multiplication operator g(w) — ((2rw)? — 2i(2nw))g(w) on L*(R).
Then, £ = F~'MF and, hence, Sp(L) = Sp(M). If z ¢ {k> + 2ik : k € R}, then ((27w)? — 2i(2nw) — z)~" is a bounded
rational function of w € R, and hence, (M — zI) "' g(w) = (2nw)? - 2i(27w) — z)~' g(w) exists as a bounded operator.
Similarly, we can prove that every k? + 2ik with k € R lies in Sp(M). The first part of the exercise follows.

Using the recurrence relations for Hermite functions, we can represent £ as an infinite banded matrix (see MATLAB
code “ex1_2.m” in the repository). Here are the eigenvalues of finite sections to N X N matrices for various N, along
with Sp(£) shown as a solid line:

N =50 N =100 N = 1000

Im(z)
BN
o o o
I
S
Im(z)
= n
o o o
Im(z)
5 B
5 8

o
0 HE 0
-10 -10 -10 -10
-20 -20 -20 -20
0 20 40 60 80 100 0 20 40 60 80 100 0 20 40 60 80 100 0 20 40 60 80 100
Re(z) Re(z) Re(z) Re(z)

The finite section method converges for this example.

Exercise 1.3

For the first part, we can identify a sequence {X,},ez € €>(Z) with the Fourier series of a function f € L*(T) via
f = Xnez x22". Hence, L becomes the multiplication operator f +— a - f, where

a(z) = -7 =GB +207 +iz 2+ 77 + 102+ B + ) + 42 +id,

is the symbol of L. Arguing as we did in Exercise 1.2, we see that Sp(L) = {a(z) : z € T}. Code for the second part of
the exercise can be found in “chapter1/whale_example.m” in the repository.

Exercise 1.4

Suppose first that
ze U Sp(A + E)
E:||Ell<e
and let E be such that ||E|| < € and z € Sp(A + E). Suppose, for a contradiction, that ||(A — zI)~!|| < €!, which implies
that z ¢ Sp(A). Write:
A+E—zI=(+E@A-zD)"Y)A -zD).

1If you have not come across this theorem, try to prove the result for the Hilbert space £2(N). This can be done ‘component-wise’ using the fact
that a bounded sequence of complex numbers has a convergent subsequence.



Since ||E|| < €, we have ||[E(A — zI)™"|| < ||E||II(A — zI)~"|| < 1, so by a standard Neumann series argument, /+E(A—zI)~!
is invertible. Since A — z/ is invertible, we have that A + E — z[ is also invertible. This contradicts z € Sp(A + E). So
we have that [|[(A —zD)7!™! <e.

Conversely, suppose that z ¢ Sp(A) has ||(A — zZD7N <€ Then oA —zD) = ||(A —zD) 7! < e By definition
of oint(A — zI), there exists a unit-norm vector x € D(A) such that y = (A — z/)x has ||y|| < €. Define Eu = —(u, x)y for
each u € H. Then ||E|| = ||yl < €, while (A —zI + E)x = 0 with x # 0,s0 z € Spp(A +E)CSp(A+E).

In fact, we have shown that

ceCilA-aI" <el= | ] spa+E)=sp@yu [ ] Sp,a+E).

E:||E||l<e E:||E||<e

Taking closures finishes the proof.

Exercise 1.5

We first consider the operator acting on span{cos(nt), sin(nt) : n € N}. We have

T cos(nt) = sin(nt), T sin(nt) = —cos(nr)

1 inmn 1
7 I tcos(ns)ds=SH;(:), Z f sinns)ds = 0.

Mopping up the differential terms with direct differentiation, we see that

A cos(nt)/ \m _A cos(nt)/ \m
sin(nt)/ \m| ~ " \sin(nt)/ V)

So at least formally on this basis, A has the matrix representation given by A = diag(A;, Ay, ...). We formally define

Direct integration yields

00

D(A) = {u(t) = Z a, cos(nt) + b, sin(nt) : Z lanl? + |bn*n® < 00}.

n=1 n=1

It is easy to check that (A is closed and that the above basis forms a core.
Suppose now that |z] < (\/5 —1)/2. Then

1 -z —2n
Ay—z) ' = ——— '
(A, =zl zz—(2n+1)(—1—ﬁ —Z)
This has norm bounded above by (using the bound on |z])
1 -z 0 N 1 0 =2n\|| _  ld+2n
Cn+1)—z2|\0 -z Q2n+1)—|z? —l—z—ln 0/l @Cn+1)—|z2 ~

It follows that ||(A — zI)™!|| < 1. However, as n — o, ||(A, — z)"!|| = 1. Hence, we must have |[(A — zI)~!|| = 1. This
also proves that

cl ({z eC:a-"" < 1}) # {z eC:a-7" < 1}.

To see why
R.p2o€e— SpE(A) € Maw

is not continuous, we take € = 1 and consider the above example. There is an open neighbourhood around z = 0O that
lies in Sp(A) for every € > 1, but has empty intersection with Sp, (A).

To prove that the map is left-continuous, let € > 0 and €, T €. We will use the characterisation of convergence in
the Attouch-Wets topology. Clearly Sp, (A) € Sp.(A). Suppose for a contradiction that Sp, (A) does not converge
to Sp.(A), then there exists some z € Sp_(A) and ¢ > O such that (after taking a subsequence if necessary — which is
unnecessary since the pseudospectra are nested!) dist(z, Sp, (A)) > 6. We may choose w with [|(A — wh™!||7! < e and
|z—w| < 6/2. Since €, T €, & > |[(A —wD~!||7! so that w € Sp,, (A) for large n, a contradiction.



Exercise 1.6

Suppose that u : § — R is subharmonic and attains a maximum at z € S. For every r > 0 such that B,(z) C §,

1 2 )
uz) < — f u(z + re'®)do < u(z).
27T 0

Hence, u(z + re'?) = u(z) for almost every 6. Since u is upper-semicontinuous, u(z + re?) = u(z) for all 6. Since r > 0
was arbitrary (subject to B,(z) € S), u = u(z) on an open neighbourhood of z. Hence, the set of points w where
u(w) = u(z) is an open subset of S. It must be closed since the set where an upper-semicontinuous function attains its
maximum is closed. Since S is connected, this set must be the whole of S and, hence, u = u(z) on S.

We let S be a domain containing zo such that S is a subset of the resolvent set C \ Sp(A) (which is open). Let
B,(z) ¢ §. Direct integration yields that

1 21 )
A-zD'=— (A - (z+reéYD7" de.
27T 0
Let x,y € H with ||x]|, |[yll < 1. Then,

1 27 )
KA =)' x )| = ‘2— (A= +re)D " x,y) d9|
T Jo
1 & ioy y—1 1 & i0 \—1
< — KA = (z+re)) x,y)|df < — (A = (z+re®)D)~ || do.
27T 0 27T 0

Taking the supremum over such x and y on the left-hand side, we obtain

1 27 )
A -zl < 5 f (A = (z + re®)D)'|[ d6
0

and, hence, z + ||(A — zI)~'|| is subharmonic on S (it is continuous by Exercise 1.8).
For the final part, suppose that S is a bounded component of

frec: - <d.

but that S N Sp(A) = 0. Then z - ||(A — zI)7Y| is subharmonic on S. Suppose that z € C1(S) \ S, then we must have
(A — zD)7'||7! = € by continuity of z > [[(A — zI)7!||™". Let M = sup, g [I(A - zD7Y|. Then

el<M= sup |A-zD)7Y < o0
zeCI(S)

since S is bounded and z — ||(A — zI)™!|| is continuous on C1(S). So ||(A — zI)™!|| attains a maximum in S. It follows
that ||(A — zI)~"|| is constant on S, which implies that it must equal e ! and, hence, S = 0, the required contradiction.

Exercise 1.7

The map z — ¥(z,A) = ||[(A — zI)™!||"! is continuous on C. We assume throughout this proof that it is not constant on
an open subset of C \ Sp(A), i.e., that the resolvent norm |[(A — zI)~!|| is not constant on an open subset of C \ Sp(A).
Suppose, for a contradiction, that

Cl{zeC:y(z,A) <€) #{zeC:y(z,A) <€} Ve>O0.

The set on the right-hand side is closed (preimage of a closed set under a continuous map) and, hence, contains the
set on the left-hand side. It follows that there exists z € C and » > 0 with y(z,A) = € and y(w,A) > € for all w with
|z —w| < r. But this contradicts the maximum principle of the non-constant subharmonic function z — ||(A — z/ ).
We showed in Exercise 1.5 that the map R.o 3 € = Sp_(A) € Maw is left-continuous. Hence, it is sufficient to
show that it is right-continuous. Let g, | € > 0. We wish to show that Sp, (A) converges to Sp.(A) in the Attouch—Wets



topology as n — co. We use the characterisation for this convergence (Exercise 1.10) to see that we must show that for
each compact set K and ¢ > 0, there exists NV such that if n > N, then

Sp,,(A) N K c Sp(A) + Bs(0) and Sp.(A)N K c Sp, (A) + Bs(0).

The second inclusion always holds so suppose, for a contradiction, that the first does not for a specific K and 6. By
sequential compactness, we may assume without loss of generality that there exists z, € Sp, (A) with z, — z and
dist(z,, Sp.(A)) > 6. Then y(z,A) = lim,e Y(24,A) < lim, e € = € s0 that z € Sp.(A) (from the first part of the
exercise), the required contradiction.

Exercise 1.8

First note that |[(A — zI)x]| < |[(A — wl)x|| + |z — w| for each x € D(A) with ||x|]| = 1 and z, w € C. Taking the infimum
over x, we see that z = oiye(A — z/) is Lipschitz continuous with Lipschitz constant bounded by one. We can apply a
similar argument to z — oipr(A* — ZI). Since y(z, A) = min{oinr(A — zI), oini(A* = 2D} = |[(A — z)7'||7!, the first part
of the exercise follows.

Now suppose that A is a normal operator. If z € Sp(A), then clearly dist(z, Sp(A)) = [|[(A —zI)~ = 0. Hence, we
may assume that z ¢ Sp(A). Without loss of generality, by considering shifts by the identity, we may further assume
that z = 0. We first claim that

1”—1

Sp(A™)\ {0} = (27" : 1 € Sp(A)}.

To see this, note that for every w # 0,
Al —wl =ww ' -A)A7L.

If A= — wI is boundedly invertible then its kernel is trivial and it has range equal to . Hence, the range of w™'I — A
is equal to H. Moreover, if x € ker(w™'I — A), then Ax € ker(A~! — wl) = {0}. Since A is invertible, x = 0. Hence,
(w™'I — A) is boundedly invertible. Similarly, for every w # 0,

wllI—A=wlA!' —=whA.

We can argue to see that if wllI—Ais boundedly invertible, then so is A~! — wI. With this claim in hand, we use the
fact that for a bounded normal operator B, ||B|| = SUP,esp(B) |z|. It follows that

1
”A_l” = sup |z = sup lzZl= sup — = ———,
z€Sp(A~1) 2€Sp(A~H\(0} aespa) |4l dist(0, Sp(A))

where the second equality uses the fact that Sp(A‘l) \ {0} # 0 by the above claim.
For the final part, note that we can now write

Sp.(A) = Cl1({z € C : dist(z, Sp(A)) < €}) = {z € C : dist(z, Sp(A)) < €} = Sp(A) + B(0).

NB: After you have read Chapter 4, you may wish to redo this exercise using the spectral theorem for normal operators.

Exercise 1.9

The infinite matrices can be recovered from the recurrence relations. Code for them and this exercise can be found
in “ex1_9.m” in the repository. Suppose that Lu = Au. Assuming that all expansions, summations and swapping of
summations and integrals are valid, if u = 2;11 u;f;, then, using the orthogonality of Legendre Polynomials,

(Lu, Piy) = \PrlP Y Agjujy G, Pey) = 1Pl D Biguy.

J=1 J=1

Hence, we formally have
ZAij”j = /IZBiij, i=12,...,
Jj=1 Jj=1

i.e., the generalised eigenvalue problem A — AB. Here are eigenvalues for various N X N discretisations:



N = 1000

N =100 N =500
I I 1010 T T
- 3 1010
10° -
10°
10°
10° 10° 10°
0 20 40 60 80 100 0 100 200 300 400 500 0 200 400 600 800 1000
Eval Number Eval Number

Eval Number

Since L is self-adjoint, Exercise 1.8 implies that

dist(4, Sp(L)) = oint(L — A) < [|[.Ly — WII/|IVI].

Here are these residuals, normalised by the size of the computed eigenvalues to produce approximations of relative

€ITors:
o N =100 o N =500 N = 1000
10 A——— 10 10° T T
o
~\
*~
~
~
10°1 " 107 ! 105
- s
.
- ; i
101 = -10 ‘ -10 §. :
10 . 100 : 10 ﬁi H
(%, . s
* '%’. . . . - H
DR LR
1018 1018 101
0 20 40 60 80 100 0 100 200 300 400 500 0 200 400 600 800 1000
Eval Number Eval Number

Eval Number

We see that there is a sharp phase transition from high accuracy to low accuracy, occurring at a constant proportion

of the number of computed eigenvalues.

Exercise 1.10

Throughout this solution, let C, C,, ¢ C be compact, non-empty sets.
We first prove the characterisation in the lemma. Clearly, all the conditions at the end of the lemma are equivalent.

Suppose first that lim,,—,., daw(C,, C) = 0 and K c C is compact. Choose M large so that K C By(0). Ifa € C,, N K,

then dist(a, C,) = 0. Hence,

sup |[dist(a, C,) — dist(a, C)| < sup [dist(z, C,) — dist(z, C)|.

sup dist(a,C) =
lz|l<M

aeC,NK acC,NK

The right-hand side must converge to 0 as n — oo by definition of daw. We can argue similarly to see that

Supecnk dist(a, C,) must converge to 0. Hence, lim,_,o, dg(C,,, C) = 0.
Now suppose that for every compact K C C, lim,_ dg(C,,C) = 0. Let m € N be sufficiently large so that

CnNB,0) #0. Let z € CN By,(0). Then dist(z, C) < dp,0)(Cy, C) and, hence, lim,_, dist(z, C,) = 0. By making
m larger if necessary, and by ignoring an initial part of the sequence {C,}, we may assume without loss of generality
that C,, N B,,(0) # 0 for all n. For € > 0, we may choose N so that if n > N, then C N By, (0) € C, + B<(0) and

C,, N B4,,(0) € C + B.(0). If |z| < m, then there exists w € C N By,,(0) with dist(z, C) = |z — w|. Hence,
dist(z, C,) < dist(z, C,, + B.(0)) + € < dist(z, C N By, (0)) + € < |z —w| + € = dist(z, C) + €.

Swapping the roles of C and C,,, we see that dist(z, C) < dist(z, C,) + €. Since € > 0 was arbitrary,

lim sup |dist(z, C,) — dist(z, C)| = 0.

n=00 |1



We can argue for larger m similarly. Using a simple argument to bound the tail of the series defining daw by a geometric
series, we see that lim,,_,., daw(C,,, C) = 0. Hence, the lemma is proven.
Suppose that lim,,_,, dg(C,, C) = 0. Let K C C be compact. Then,

dg(C,,C) = max{ sup dist(a, C), sup dist(b, C,,)} < max {sup dist(a, C), sup dist(b, Cn)} =duy(C,,0).
aeC,NK beCNK aeC, beC

Hence, by the characterisation proven above, daw(C,, C) — 0 as n — oo.
Now suppose that U,,C, is contained in some bounded ball Bg(0) and lim,,—,c daw(C,, C) = 0. We may choose a
compact set K C C that contains C and every C,. Hence, for this choice of K,

dy(C,, C) = max {sup dist(a, C), sup dist(b, C,,)} = max { sup dist(a, C), sup dist(d, Cn)} =dg(C,, ).
aeC, beC aeC,NK beCNK

Hence, by the characterisation proven above, dy(C,,C) — 0 as n — oo.
We cannot drop the assumption of U,C, being in some bounded ball Bg(0). For example, let C,, = {0,n} and
C = {0}. Then daw(C,,C) — 0 as n — oo but dy(C,, C) = n diverges.

Exercise 1.11

Let A be a closed, densely defined operator on H. Suppose, for a contradiction, that Sp_(A) does not converge to Sp(A)
in the Attouch—Wets topology as € | 0. Using the characterisation of the Attouch—Wets topology and the fact that
Sp(A) c Sp.(A) for every € > 0, it follows that there exists €, | 0, 6 > 0 and z, € Sp, (A) N K for some compact K
such that dist(z,, Sp(4)) = 6. Since K is compact, we may assume without loss of generality that lim,, ., z, = z. By
continuity of w — ||(A — wD)™'||7!, |[(A = zI)~"|I”! = 0 and, hence, z € Sp(A), the required contradiction.

Exercise 1.12

The first part is immediate from the definition of oiys.

For the example, let A be the shift operator on £2(N) given by Ae; = 0 and Ae, = e,_; for n = 2,3,.... Then
oinf(A) = 0. However, the adjoint of A is an isometry and, hence, oj(A*) = 1.

Suppose now that Sp(A) has empty interior. For all z ¢ Sp(A), oinf(A —2I) = oins(A* —2Z1), so assume that z € Sp(A).
Then there exists z,, € C \ Sp(A) with lim,,_,, z, = z. Hence,

Oinf(A —2) = JLH;) Oinf(A — z,1) = I}l_)ﬂ.}o Tinf(A" = Z,1) = oinr(A™ = 2D).

It follows that Sp(A) = Spap(A) and we always have oy (A — zI) = oin(A* — Z1).

Exercise 1.13

For the first part, suppose that A — z/ is a bijection. The inverse mapping theorem (which follows from the open
mapping theorem — see any standard proof) implies that A — z/ has a bounded inverse and, hence, z ¢ Sp(A).

If z is in the point spectrum, then clearly oin(A — zI) = 0. Suppose that z is in the continuous spectrum (the
definition given in the exercise) but, for a contradiction, oj,s(A — z/) > 0. If {y, = (A — zl)x,} is Cauchy, then since
1%, = Xl < [Tint(A = 2D lYw = Ymll, {x,} is Cauchy and converges. Since A is bounded, we see that the limit
y = lim,_,, y, lies in the range of (A — z/). Hence, this range must be closed. It is dense and, hence, must be the whole
of H so that A — z[ is a bijection. But this contradicts z € Sp(A).

The converse is not true. Take H = £>(N) and consider A defined by Ae, = n~'e,.;. This is injective and does not
have dense range (e; cannot be in the closure of the range of A). Hence, O lies in the residual spectrum of A. However,
lim,_,., Ae,, = 0 so that oj,r(A) = 0.

Exercise 1.14

For x € D(A) with [|x|| = 1 write
I(A, — zDx|l < |I(A, — A)x]| + [I(A — zD)xl|



so that
Tint(Ay —20) < |I(A, — A)xl| + I(A —zDx|| VYneN.

We have ||(A, — A)x|| — 0, so taking lim sup on both sides we have:

lim sup oine (A, — 2I) < |I(A — zD)x]|.

n—oo

Taking the infimum over x, we get the first result. For the example, let A, be defined on £?(N) by Avey = ey and
A = 0. Then lim, . ||A,v — Av|| = 0 for every v € £2(N). However, ojps(A*) = 0 and oint(4;,) = 1.

Exercise 1.15

By Lemma 1.2.6, y,, », is increasing in n; so that

1 1
lim [y, 0,0, (A) =T, 0, (A) = {z € Grid(ny) : yn,(z,A) + — < —}
ny—oo ’ n n3

It is here that using ‘<’ in the definition of I',;, ,, », (A) is crucial. Since y,,(z,A) > ¥(z, A), the ‘+1/n,’ term ensures
that

1
I, n(A) C {z eC:y(z,A) < - } C Sp1(A).
5 7

This care is needed since the resolvent norm of an unbounded operator can be constant on open sets. Suppose,
for a contradiction, that I';, ,,(A) does not converge to Sp. (A) in the Attouch—Wets topology as n, — co. By the
n3

characterisation in Lemma 1.2.4, there exists a compact set K, z,, € Sp_ (A) N K, and 6 > 0 such that
s

lim sup dist(z,,, In; 1, (A)) > 6.

ny—00

Without loss of generality, we may assume that lim,,, e 24, = 2 € Sp 1 (A) N K by closedness. We may choose w € C

with |z —w| < 6/2 and y(w,A) < 1/n3. Now let w,, be an element 0% Grid(n,) nearest to w. Then, since y,,(z,A) is
Lipschitz with Lipschitz constant bounded by one,

1 1
Yy Wnyn A) + — < ¥, W, A) + W — Wy, [ + —.
np np

The bound on the right-hand side is smaller than 1/n3 for large n, so that w,, € I, »,(A). Moreover, lim,, o Wy, = W
and, hence, |z — w,,| < ¢ for large n,, the required contradiction. To get the third limit we use convergence of Sp_(A) to
Sp(A)ase | 0.

For the final part and to make this completely rigorous, all we need to do is replace vy, ,, by an approximation
that is increasing in n; and so that the error of the approximation vanishes as n; — co. We can easily do this by
approximating y,, ,, from below.

Exercise 1.16

Let A be a bounded operator with n-dimensional range ran(A). By choosing an orthonormal basis of ran(A), we see that
{Ax : ||x]| < 1} is homeomorphic to a closed subset of {z € C" : ||z]| < ||A||}, which is compact. Hence, A is compact.

Suppose now that A is compact and let {e, : n € N} be an orthonormal basis of H with P, : H — span{ey,...,e,}
denoting the corresponding orthogonal projection. We first prove that B, = #;%,A converges to A in the operator
norm topology. It is easily seen that B, converges in the strong operator topology to A. Given € > 0, there exists a
finite set {xi, ..., x,,} such that

(Ax: il < 1) o [ty s Iy - Axjli < e
j=1

,,,,,

IBa(x — x))Il < [IA(x — x|l < €. Then forn > N,

(A = B)xll < [|ACx = xp)Il + |Ax; = Buxjll + [[By(x — x)ll < 3e.



Since € > 0 was arbitrary, lim,_,« ||A — B,|| = 0. We can apply the same argument to the adjoint of A (A* is compact
by Schauder’s theorem) to see that BP, %, converges to B in the operator norm topology for each compact operator B.
Given ¢ > 0, choose N such that ||[A — By|| < 6. Since By is compact,

limsup ||A — ByP,;Pull < 6 + limsup ||By — ByP,Pull = 6.

n—oo n—oo

Forn > N, ||A — A,ll < |A — ByP, P, and hence the required convergence holds since ¢ > O was arbitrary.

Exercise 1.17

Recall that for a bounded operator C, if ||C|| < 1 then (by a Neumann series argument) I — C is invertible and
I -C)'I <@ —=]|ICI)~". This is a standard argument that can be seen by proving that

I+C+C+---=(I-0O)".

In the setting of the exercise, let C = —BA~', which is bounded with ||C|| < ||IB|lA™"|| < 1. Let S = (I = C)~!, then

1
IS1 < -
1—IBlIlA~1]

Let D = A™'S, then D is a bounded operator and
(A+BD=(I+BA™)S =1, DA+B) =A"'SU+BAHA=AT"AC L
Hence, A + B is boundedly invertible with inverse D and

A=l

IA+B) < IATS € — .
1 - IBllIIA-Y]]

Suppose that for some € > 0 there exists a sequence {B,},en With lim,,_, ||B,|| = 0 and

sup dist(z, Sp(A)) > €.
Z€Sp(A+B,)

Select z, € Sp(A + B,,) such that dist(z,, Sp(A)) > €. If {z,},en is bounded, then we have that ||(A — z,I)~!|| is bounded
in n by continuity and the fact that {z,},cy lies a positive distance from Sp(A). Otherwise, passing to a subsequence
we have |z,| — oo and ||(A — z,])"!|| — O since A is bounded. So either way, passing to a subsequence if necessary,
we have ||B,|lII(A = z,])~']l = 0 asn — oo. Then O ¢ Sp(A + B, — z,I) by the first part of the exercise and, hence,
zn ¢ Sp(A + B,) for large enough n, a contradiction.

Exercise 1.18

Suppose for a contradiction that the statement is false. By taking a subsequence if necessary, we may assume that there
exists € > 0 such that
inf dist(z,X) > € VneN. (D
zeSp(A+B,,)
We may also assume that X is at least 2e separated from the rest of the spectrum of A. Let S = X + D,/»(0), which is
open and non-empty. We first prove that S is connected.

Suppose for a contradiction that S is not connected. Then S = U U V, where U and V are non-empty disjoint
(relatively open and, hence, since S is open,) open subsets of C. Then X N U and X N V are both relatively open in X
and disjoint. Since X is connected, we may assume without loss of generality that X ¢ U. Take an arbitrary z € V.
Then z ¢ U and hence dist(z, X) € (0, €/2). Let x € X be a nearest point in X to z (exists as connected components are
closed) and set

wt) =1 -0Hz+1tx, tel0,1].

Then w(¢) € S for such ¢. Let
t. =inf{r € [0,1] : w(¢) € U}.



Then ¢, € (0, 1). Since U and V are both open, it is easily seen that w(t.) ¢ U U V, the required contradiction.

It follows that S is a domain so that we may apply Exercise 1.6. In particular, the bound in (1) implies that
the functions z +— ||(A + B, — zI)™!|| are subharmonic on §. Now take an arbitrary point z € X. Note that 0 ¢
Sp(A + B, — zI). If || B,||[I(A + B,, — zD)7Y| < 1, then Exercise 1.17 implies that 0 ¢ Sp(A — zI), a contradiction. Hence,
(A + B, —zD)7'|| > ||B,|I"", which grows unbounded as n — co. By the maximum principle, there exists z, € C1(S)\ S
such that lim,,_,, [|(A + B, — z,1)~'|| = c0. Since CI(S) is compact, we may assume that lim,,_,, z, = w without loss of
generality. Moreover, we must have that dist(w, X) = €/2. For sufficiently large n, ||B, + (W — z)I|lII(A = wD)™'|| < 1/2,
so that we may apply Exercise 1.17 once more to see that

A —wD)™!| <2l(A=wD)'|.

A+ B, -z, < <
1= 1B, + (w = z)IIIA — wD™|

This is a clear contradiction as lim,_,, [[(A + B, — z,1)~'|| = oo and, hence, our assumption in (1) must be false.

Exercise 1.19

Suppose first that € = 0. Then Ay acts as the unilateral shift e, — e, on the invariant subspace Cl(span{e, : n € N}).
Similarly, after a relabelling, it acts as the transpose of such a unilateral shift on Cl(spanfe, : n € Z<p}). It follows that
Sp(Ap) = {z : |z] < 1} as this is the spectrum of such a unilateral shift. If € > 0, we define the basis

ey=e,ifn>1landé, =€ e, ifn<0.

The matrix representation of A, with respect to this basis is a matrix with 1s along the subdiagonal and zeros elsewhere.
It follows that A, is related to the bilateral shift e, — e,;; by a bounded similarity transformation with bounded inverse.
Hence, its spectrum is the same as the bilateral shift, which is {z : |z] = 1}. This example shows that the spectrum is
discontinuous as a map from the set of bounded operators with the operator norm topology to the set of non-empty
closed subsets of C with the Hausdorff topology (in contrast to what happens in the self-adjoint case).

Exercise 1.20

As in Exercise 1.16, we set A, = P, P, AP, P,. If z € Sp(A) \ {0}, then it must be isolated, and, hence, a bounded
component of the spectrum separated from the rest of the spectrum. Exercise 1.16 and Exercise 1.18 immediately imply
that dist(z, Sp(A,)) converges to zero as n — co. We may decompose ¢?(N) into spanfey,...,e,} and its orthogonal
complement and write

_(PLAP; — 27!

5 * _ -1 —
P, PrAP, Py —zI) 1 /Z)

P;PnAP;Pn = (PnAPn 0) s

It follows that Sp(4,) = Sp(P,AP;,) U {0} and
lim dist(z, Sp(P,AP;,)) = 0.

There are now two cases to consider. In the first scenario, there are infinitely many distinct nonzero eigenvalues of A
that accumulate at 0. In this case, we may apply the above argument to a sequence of such eigenvalues converging to
zero to see that

HILII.}O dist(0, Sp(P,AP;)) = 0.

In the second scenario, A has only finitely many nonzero eigenvalues. It is easily shown that lim,,_,c Tintf(P,AP;,) = 0.
Moreover, X = {0} is an isolated point of the spectrum of A. Hence, we can adapt the argument of the proof in the
answer to Exercise 1.18 to see that

I}Lrgo dist(0, Sp(P,AP;)) = 0.

This completes the first part of the exercise.
Suppose now for a contradiction that

limsup sup dist(z, Sp(A)) # 0.
n—oo  zeSp(P,AP;)
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By choosing a subsequence if necessary, we may assume that there exists € > 0 and z, € Sp(P,AP;) with
dist(z,, Sp(A)) > €. Since the spectra of $,AP,, are uniformly bounded, we may assume that lim,_,., z, = z. Note that
zn € Sp(A,). Weset B, = A, — A + (z—z,)I. Since 0 ¢ Sp(A — z/) and lim,,_,, ||B,|| = 0, by Exercise 1.17, we see that
0 ¢ Sp(A + B, — zI) for sufficiently large n. But A + B, — zI = A,, — 7,1, a contradiction.

Exercise 1.21
Suppose that z € C \ Sp(A), (A — zI)~! is compact, and w € C \ Sp(A). We may write
A-wh''=QA-wD'[A-z2D-A-wDIA-zD) '+ A-zD) ' = [(w-2DA-wD' + (A -zD)7.

The operator on the right-hand side is compact since it is the product of a bounded and compact operator.
Suppose now that A has compact resolvent with (A — zI)~! compact. Let w ¢ Sp((A — zI)™!). Since w # 0,

A=z —wl=I-wA-zD)A -z = —w[A - W + (A - z])"".

LetS = —w(A —z)"'((A — zI)™' —wID)™". Then S is bounded and [A — W™! + 2)I]S = I. A similar argument shows
that S[A — (w™! + 2)I] c I. Hence,

Sp(A) c (W™l +z:weSpiA -z )\ {0}},

which can only consist of isolated points. Now if w € Sp((A — zI)~!) \ {0}, then it must be an eigenvalue of (A — zI)~!
with eigenvector v. It is easily checked that v is an eigenvector of A with eigenvalue w™! + z. Hence, the spectrum of A
consists of isolated points that are eigenvalues.

For the final part, consider the following (unbounded) tridiagonal operator:

N (0
A:@(n 8)’

where we take the closure of this operator with initial domain consisting of vectors that are finite linear combinations of
the canonical basis functions. Then A is self-adjoint and has compact resolvent with Sp(A) = {+k : k € N}. However,
0 € Sp(P,AP;,) for n odd.

Exercise 1.22

Suppose for a contradiction that a ¥ -algorithm {I’,, },,ci exists for the spectral problem on self-adjoint compact operators.
(Z1 corresponds to the first type of error control in the statement of the theorem.) Since dy(I',(C), {0, 1}) — 0, I',(C)
intersects Bj,4(1) for sufficiently large n > 3. Consider the computation of I',,(C): this will use finitely many of the
matrix entries (Cej, ¢;), which are a subset of {i, j < N(C,n)} for some integer N(C,n). Take k > N(C,n) and set
A = Aj. The matrix elements of A; differ from C only at the positions (1, k), (k, 1), (k,k), which means that by
consistency of I',;, we must have I',,(A) = I,(C). From the X; classification, we have I',(A) € Sp(A) + B»--(0) and so
I,(C) € {0,2} + B>-+(0) = By-+(0) U By-»(2). However I',,(C) intersects Bj4(1), which is disjoint from both B,-»(0) and
B>-+(2) since n > 3. We therefore have a contradiction.

The case of II; is similar. Suppose that {I';},ey is a IIj-algorithm for the spectral problem on self-adjoint
compact operators. (II; corresponds to the second type of error control in the statement of the theorem.) Since
du((C),{0,1}) — 0, I,(C) is disjoint from Bj;4(2) for sufficiently large n > 3. Defining N(C, n) as before, take
k > N(C,n). As before we have I',(C) = I',(A). Then we have Sp(A) c I',(C) + B,(0). Then 2 € I',,(C) + B-(0),
implying that I',,(C) intersects B,-»(2). This is contrary to our initial assumption, and we have a contradiction.

Recall that for A self-adjoint, we have Sp_(A) = Sp(4) + B¢(0). If {I',},c solves the pseudospectral problem for
€ < 1/4, then:

1. T',(C) eventually intersects B} 4.¢(1), which is disjoint from Bs-»,¢(0) U By-n(2)
2. T',(C) is eventually disjoint from Bj/4.(2), while 2 € Sp_(A).

The statements for pseudospectra then follow easily from proof of the statements for spectra. We can rescale the
operators and argument to deal with arbitrary € > 0.

The matrix elements of A2 correspond to knowing (Ae;, Ae ;> for each i, j € N. Since A is self-adjoint we also know
(A*e;, A*e;). By operator folding (see Section 3.4), we can compute arbitrarily good approximations of y,(z,A). We
can use these in the Ef algorithm for spectra in Section 3.2.3 since dist(z, Sp(A4)) = |I(A — z)~"||"".
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2  Chapter 2

Exercise 2.1

The idea is that we can pass to a subsequence depending on A. Let {Z,Q, M, A} be a computational problem and
suppose that {I', },en is a sequence of algorithms of type « that satisfy the following: if A € Q, for each n € N there
exists E,(A) that we can compute such that d(I',(A), Z(A)) < E,(A) and E,(A) — Oasn — oo. Let A € Q and construct
an increasing sequence as follows: letn; = n;(A) be least such that E,, (A) < 27! (by simply keeping on checking E, (A)
for increasing n until E,(A) < 27"), and for k > 1 let n;,1(A) > ni(A) be least such that E,. (A < 2-®+D " Taking
Ti(A) = Tua)(A), we have d(T(A), E(A)) < 27, and, hence, {Tihiar is a A? algorithm for {Q, A, M, E}. The other
classes and cases are similar.

Exercise 2.2

Let € € Qs with € < 1 and set § = €/2. For each A € C"™, we can compute using finitely many arithmetic operations
and comparisons a function v(z, A) with

v(z,A) < v(z,A) < y(z,A) + 6.
We can also compute R € N such that ||A|| < R — 1 (e.g., by bounding the Frobenius norm of A from above). Let
Ge=1{z€8(Z+iZ): |7 <R}, T.A)={z€G.:v(zA) < e
Clearly, I'.(A) c Sp.(A). Hence, if z € I'.(A), then
dist(z, Sp(A)) < dist(z, Sp.(A)) + du(Sp.(A), Sp(A)) < F(e).
If z € Sp(A), then there exists w € G, that minimises |z — w| < § and, hence, by the Lipschitz property of vy,
viw,A) < yw,A)+ 06 <y(z,A) +20 =20 = €.

It follows that w € T'c(A) and, hence, dist(z,['c(A)) < €. Hence, dg(I'c(A), Sp(A)) < max{e, F(e)}. We now consider a
sequence of decreasing values for € and apply Exercise 2.1.

Exercise 2.3

Throughout this proof, the algorithm type « is either arithmetic or general.
Let {E, Q, Mgec, A} be a computational problem and suppose that {I',,},cn is a sequence of algorithms of type a
with lim,, o [',(A) = E(A) for all A € Q. Then, for every A € Q,

EA) =1 o VYndktk>nATyA) o TnVkk <nVIA)).

Similarly, suppose that {I',,},civ are algorithms of type @ and let ¢ : N — N XN, k — (¢ (k), ¢2(k)) be a bijection which
enumerates all pairs of natural numbers. Then

AnIm(Tym(A)) & FkTy,1).0,0(A)), VM m(A)) & YLy, 0.4, (A))-

Thus, every limit in a tower of height m can be converted alternately into an expression with two quantifiers (V4 or
V), and then m — 1 doubles 33 or YV can be replaced by single quantifiers.
If {E, Q, Mgec, A} € Z%, we may replace the final limit (corresponding to 3V) with 3. For example, when m = 3,
we obtain
J3v|v3,

where the | separate limits. This can be further simplified to

ava.
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This argument can be carried out to any number of limits. Hence, we obtain an alternating quantifier form of length m
with the first quantifier equal to 3. Conversely, if such a form exists it is easy to see that {Z, Q, Mgec, A} € Z. This
proves (i). Swapping the role of 3 and V, we argue in the same manner to prove (ii).

Suppose that SCI(E, Q, Mgec, A). < m, then we may apply the first part of the solution to get an alternating quantifier
form of length m + 1 with first quantifier equal to 3. Hence, {Z, Q, Mgec, A} € X5 | by part (). We can do the same
with an alternating quantifier form of length m + 1 with first quantifier equal to ¥ to see that {E, Q, Mgec, A} € IT7 .

Conversely, suppose that {Z, Q, Mgec, A} € Zi | NIIT . We must show that SCI(E, Q, Mgec, A)o < m, which will
finish the proof of (iii). In the above steps we have already seen that SCI(E, Q, Mgec, A)e < m + 1, and we next prove
the following: Suppose that

E(A) = 3i¥ j(go(i, j,A)) = VpIq(gi1(p. q. A)),

where go and g are algorithms of type @. Then E(A) = lim;_, g(k, A) with a function g being easily derivable from
g0, g1 Fix A and define a function Ay : N — Mg, recursively as follows:

i(1):=1, j():=1, ho(1):= goi(1), j(1), A).

If ho() =1

then: i(l+1):=il), jl+1):=jD+1

else: i(l+1):=ih+1, jl+1):=1.

l:=1+1.

ho(D) == go(i(D), j(D), A).
We observe that, if Z(A) = 1 then hy(l) converges as [ — oo with limit 1. Otherwise, the limit does not exist or is 0.
The same construction applies to =(Vp3dq(gi1(p, g, A))) = Ap¥q—(g1(p, g, A)) and yields a function #; which converges
to 1 if and only if E(A) = 0. Clearly, exactly one of the functions /g, /; converges to 1. Now we derive the desired g
from hg and h; as follows:

a(l)=0

If l’la(k)(k) =1

then: a(k+1):=ak)
else: atk+1):=1-ak).
ki=k+1.

1f ak) =

then: g(k,A):=1

else: g(k,A):=0.

This provides E(A) = limg_, g(k, A).

Next, let go and g be of the form g,(i, j,A) = lim,_ f‘ (A), s € {0, 1}, where s is an index and not a power.
Fix A. Then for every pair (i, j) there is an r(i, j) such that f,jw(A) = gs(w,v,A) forall u <i,v < j, s € {0,1} and
r > r(i, j). Thus, g is also of the form g(k, A) = lim,_, fi (A) with f; , being defined by the above procedure applied
to the functions (i, j,A) — fifj’k(A) instead of g,(i, j,A) (s € {0, 1}).

Now we are left with iterating this argument: If both functions g; (s € {0, 1}) are of the form g,(i, j,A) =
limy,, | —eo limy,, _, 00« * - limy, o0 f TR Y with certain type-« algorithms S ity e 1y then also g is of the form

m—1s

gk,A) = lim . lim ---klim Jikps e b (A)
m—1">00 Ky —00 1

with fi, .. & being defined by the same procedure as before applied to the functions (i, j, A) — IJ P (A) instead

of g,(i, j,A) (s € {0,1}). The resulting functions A — fix, ...k (A) are type-a algorlthms for every k, since their

evaluation requires only finitely many evaluations of the type-« algorlthms i o . Moreover, we have

m—1>

E(A) = hm gk, A) = hm lim - -klim Sikyy o by (A),
|00

k—00 k1 —00

so that SCI(Z, Q, Myec, Aoy < m.
The above arguments can be extended to other types of algorithms. The only requirement is that they are closed
under the various operations and comparisons above.

Exercise 2.4

Let {Q, A, M,E} be a computational problem. Suppose that we have constructed a type-a tower {I',} e such that
I'h(A) C E(A) + Bg,a)(0) for each n € N and A € Q with E,(A) given by the algorithm. By passing to a subsequence
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depending on A, as in Exercise 2.1, without loss of generality we assume that E,(A) < 27" (then, since E,, is just an
upper bound, we can take E,(A) = 27"). Let

Xn(A) = E(A) UT,(A).

Then I',,(A) C X,(A), we just need to show that dy(X,(A),E(A)) < 27" Since [,(A) C E(A) + B,-(0), we have
X, (A) € E(A) + By-(0). Also we have Z(A) C X,,(A), so we also have Z(A) C X,(A) + B,-+(0). We therefore obtain
du(X,(A), E(A)) < 27". Note that this does not give a AT algorithm since Z(A) is not accessible.

Similarly, for the II{ classification, it suffices to construct a type-a tower {I', },en With a provided error {E,(A)} e
such that E(A) c I',(A) + Bg,)(0) for each n € N. Again, we can without loss of generality take E,(A) = 27"
Take X,(A) = I,(A) U E(A). Then E(A) C X,(A), so we just need to show that dy(X,(A),[,(A)) < 27". Since
E(A) cTI',(A) + By-+(0) and I',,(A) € T',(A) + B-(0), we get X,,(A) C I',(A) + B»-+(0). Likewise, since I',(4) C X,,(A)
we get [,(A) € X,,(A) + B>+(0). So we get dy(I',(A), X,,(A)) <27

We can generalise these as follows for m > 2:

e X: itis enough to construct a type-a tower {I'y, ., },...n)en= such that:

lim ... lim I,

Ny —00 n|—oo

for each A € Q with accessible {E,, (A)},,en such that I', (A) € Z(A) + Bg

m (A) = E(A)

,,,,,

(0) for each n,,, € N.

m

e IIf: it is enough to construct a type-a tower {I',;,

m*

,,,,, 1 Yooy )elim SUch that:

lim ... lim T, . (A) = Z(A)

Ny —00 ny—oo

for each A € Q with accessible {E},, (A)},, en such that Z(A) c T, (A) + Bg, (4)(0) for each n,,, € N.

nm

The proofs are the same as above, simply considering the last limit.

Exercise 2.5

Define a weighted norm by

00

2 = Y Pl andset D= {{x, e € QD ¢ [l < oo},

n=1
which is dense in ¢*(N) since it contains the eventually zero sequences. On D, define the operators

1 1
T, = odiagln+ l,n+2,..)forn>2 and S =diag(l,2,3,...).

1 1

Both T, and S are closed, and span{e,} forms a core of both operators. We have Sp(T,) = {0,2,3,...} foreachn ¢ N
and Sp(S) ={1,2,3,...}.

We first show that § is self-adjoint. Clearly S is symmetric so that D c D(S *) It remains to show that D(S*) c D.
Let y € D(S*). Define y® by y* = ny, forn < k and y© = 0 for n > k. Write e* nm)”
of the adjoint, x +— (S x, ) is a linear functional bounded by some constant M. This implies that [(Se®,y)| < M for

each k. Hence,
k koo 2 k
(k) — k)— _ anl n |yn| _ 2 2
(e ,y>l—zl Mo I = T T §1n al* < M.
n= -

Taking k — oo we find that y € D. Since T, differs from S by a bounded operator, it is also self-adjoint. Clearly, S is
positive. Note that

By definition of the domain

(To, X = (1 + X1 )51 + Zk|xk| (01 * Xt + ) (= Dl

k>n+2
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for x € D. Then noticing that (x; + X,+1)X] + (X] + Xy 1) X1 = X + Xn+1/%>, we can see that (T,x, x) > 0 for each
x € D and hence T, is positive (and, hence, semi-bounded below). Finally, we check that both T,, and S have compact
resolvent. It can be seen that:

0 1

1 1 1
T,-D7"'= . diag|—, ——, ——.,...]|.
( ) ' ®diag nn+l n+2 )

1 0

A® = EBdiag( Oslsk)eao,

n+l"

and, hence, is compact. Similarly, one can check that S ! is compact.

With everything checked, we move on to the proof. Suppose that {T',,},,ciy realises a 2? classification for this spectral
problem. Then I',,(S) intersects the ball By,4(1) for sufficiently large n > 3. Define N(S, n) analogously as before in
Exercise 1.22 and take k > N(S,n) and T = T} so that I,,(S') = I',(T). Obtain X,,(T) 2 I,,(T) = I',(S) such that:

X,(T) N By(0) € Sp(T) + B,-2(0)

giving:
T(8) N Ba(0) € By2(0) U || By2 (),
j=2
so that:
[,(S) N B2(0) C By=(0) U By2(2).

By our choice of n, I',(S) N B»(0) intersects By,4(1), yet the right-hand side of this inclusion does not, contradiction.
The HlG case is very similar. Suppose that {I',},ey realises a H‘f classification. We have that I',,(S) is disjoint from
B3,4(0) for sufficiently large n. Construct N(S,n) as before and take k > N(S,n) and T = Ty. Then I',(S) = [,(T).
Reasoning as before, we have:
{0,2} cT(T) + B>-1(0) =T,(S) + B,-1(0)

However, I',,(S) does not intersect B3;4(0), so we cannot have 0 € I',,(S) + B,-1(0), contradiction.

Exercise 2.6

We first apply the answer to Exercise 1.15, but replacing 1/n3 with € and only taking the first two limits. This shows that
{Spe, Qpayy, Maw, A} € Efz‘ since the set obtained after the first limit lies in the pseudospectrum (a little care is needed
to show the existence of arithmetic towers, but this is easily done following the surrounding discussion of rectangular
truncations in Chapter 3). The proof that the computational problem is not in Ag is a simple adaptation of the proof of
Theorem 3.1.3.

We can also apply another argument that uses scaling of pseudospectra. Suppose that {Sp, , Qpap), Maw, A} € Ag

for some sequence €, — 0, where {FZ"IZ} are general algorithms with

lim T2 (A) = SP,,,(A) YA € Qpqu).
np—oo

Then I, ,, = I“Z"f defines a height-two tower of general algorithms for {Sp, Qpy), Maw,A} (using the fact that
lim¢ o Sp.(A) = Sp(A)), contradicting Theorem 2.3.10. Hence, for sufficiently small €, we have {Sp_, Qp ), Maw, A} ¢
Ag. We may suppose that this lower bound holds for € < ¢ with g > 0. Now suppose for a contradiction that {I',,} is a
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height-one tower of general algorithms for {Sp,, Qzqy), Maw, A} for some 7 > 0. Let ¢ > 0. Note that z € Sp, (cA) if
and only if z/c € Spn/C(A). We choose ¢ = /€. It follows that

- 1
[(A) = — - Tu(cA)
c
provides a height-one tower of general algorithms for {Sp, , Qeqv), Maw, A}, a contradiction.

Exercise 2.7

For the upper bounds, the key point is the observation that

Tint(A = 2DP;) = ot (Pu(A = 2D)*(A = 2D)P;),  oin(A" = ZDP;) = \/O'inf(Pn(A* —zZD*(A* =zZDP}).

Hence, we can approximate y,(z, A) to any desired accuracy using A and finitely many arithmetic operations and
comparisons. We can now avoid the first limit in the solution of Exercise 1.15 to obtain {Sp, Q, M,A} € H/z‘ and
{Spe. @, M, A} € =4

The lower bound {Sp,, Q, M, A} ¢ A]G follows from the discussion of diagonal operators in Chapter 1 and observing
that A does not provide more information than entry evaluations on diagonal inputs. The lower bound {Sp, Q, M, A} ¢
Ag follows from Theorem 3.1.2. The key point is that for a tridiagonal A, we have

1 1
(Aej,Ae;) = <A€j, Z <Aei:ei+n>ei+n> = Z (Aei, eisn)Aej, eirn),

n=—1 n=-1

with a similar formula holding for (A*e;, A*e;). Hence, A does not provide more information than entry evaluations on
tridiagonal inputs, and we may directly apply Theorem 3.1.2.

Exercise 2.8

We recall the computational problems from Section 2.3.3. For k € Z,, let Q; be the collection of all infinite arrays
a = {am,...mm...men With entries a,, _n € {0, 1} and Ay be the set of component-wise evaluation functions. We
‘freeze’ the indices my, . . ., my_o and consider the formulas

1, if3AiVjIn>jst am, moni =1,
Pla,my,...,my_2) = : .
0, otherwise,

Oa,my, ..., my_y) = {(1) VY®iVjIn > js.t am, moni =1,

, otherwise,

where V* means ‘for all but a finite number of’. P decides whether the corresponding matrix has a column with
infinitely many 1’s, whereas Q decides whether the matrix has only finitely many columns with only finitely many 1’s.
For R = P or Q, consider the problem function for a € €

— Hml sz . mG_zR(a, mi,..., mk_g), if kis even,
Err(a) =

le 3]’]12 N mG_zR(a, mu,..., mk_z), otherwise,

with alternating quantifiers 3 and V in front of the formula R. Theorem 2.3.9 says the following. Let (M, d) be {0, 1}
with the discrete metric or [0, 1] with the usual metric and consider the above problems {Z g, Q, M, A}. For k € N5,
and R = Por Q,

AC B {Bir, Qo M Ak € AL,

The idea is to simultaneously embed all of these problems into a computational problem.
Let Q = []is2 € and A consist of the maps

00

k
(N R . I S U I N S L
k=2
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In other words, A corresponds to the evaluation maps Ay on each Q. We let M = [0, 1] with the standard metric. For
A € Q, we can consider the decision problem Z; g acting on its component in ;. We then set

oo

E(A) = Z 37KE, R(A).

k=2

,,,,,,,,,,

.....

Hence, we get a solution to {E,+1 g, Qp+1, {0, 1}, Ap41} in p limits, a contradiction.

Exercise 2.9

We use the setup of the solution to Exercise 2.8. For n € Ny, let §, € (27D, 27"), For A € Q, computing Z(A) to
accuracy 0, is equivalent to solving {Z g, Qx, {0, 1}, Ag} for 2 < k < n, which is in A2‘+2 \ ASH. By taking the product
with problems in A2 \ A and A4 \ AS, we can alter the construction in Exercise 2.8 to define 6o and 6, with 69 > &; > 6,

so that computing Z(A) to accuracy 9, is in Aﬁﬂ \ Afﬂ forn =0,1,2,.... A simple rescaling argument of the sum

definition of Z allows us to alter and relabel the §,,’s so that Af ${EE@ QO M, A) e AﬁH for all n € N.

Exercise 2.10

We first prove the Lemma. Suppose first that (M, d) is the Hausdorff metric. If x € C then x € B’ and dist(x,A) <
d(B’,A) < d(A, B) + €. On the other hand, if x € A then x € A’ and dist(x, C) < d(A’, C) < €. The result now follows.
Suppose now that (M, d) is the Attouch—Wets metric and let x € M’. Since C Cp¢ B’ we must have

dist(x, A) — dist(x, C) < dist(x, A) — dist(x, B") < |dist(x, A) — dist(x, B)| + |dist(x, B) — dist(x, B')|.
Similarly, since A Cpy A’ we must have
dist(x, C) — dist(x, A) < dist(x, C) — dist(x, A") < [dist(x, C) — dist(x, A")|.
It follows that
dist(x, A) — dist(x, C)| < |dist(x, A) — dist(x, B)| + |dist(x, B) — dist(x, B)| + |dist(x, C) — dist(x, A")|

and this finishes the proof of the Lemma. To prove Theorem 2.2.11, we will use the following proposition.

Proposition 2.1. Let (M,d) be either a metric space with the Attouch—Wets or Hausdorff topology induced by
another metric space (M, dr) or a totally ordered metric space with order respecting metric. Suppose we have
a computational problem = : Q — M, with a corresponding X -tower {F,llk """" ) and a corresponding 11 -tower
{Fﬁk ,,,,, n | (either both arithmetic or both general). Suppose also that 1 < k < 3 and that, in the case of arithmetic
towers, we can compute for every A € Q the distance d(l",llk ..... n (A), Fﬁk ..... , (A)) to arbitrary precision using finitely

many arithmetic operations and comparisons. Then {Z,Q, M, A} € A{.

\ J

Proof. For k = 1, this is a trivial consequence of the lemma we just proved. Let ¢,, be an approximation of

dT), (A),Th (A) +2-27"

n

from above to accuracy 1/n;. Note that suitable approximations can easily be generated using approximations of
d(l",l,] (A), Fﬁ] (A)). Let € > 0, then simply choose n; € N minimal such that 6,, < €. In the case that (M, d) is totally
ordered with order respecting metric

d(T} (A),E(A)) < d(T}, (A).T2 (A)),

and we can take n; large such that the right hand side is less than the given € (recall we can compute the right hand
side to arbitrary precision). Set I'(A) = I''(A), then we have d(I'(A), Z(A)) < €.
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For larger k, we use the same idea, but we must be careful to ensure the first kK — 1 limits exist. For the rest of
the proof, d will denote an approximation of d to accuracy 1/n; (which by assumption can always be computed). We
first deal with the case k = 2. Let € > 0 and consider the intervals J, I = [0, €] and J2 [2€,00). Let 6,,,,(A) be an
approximation of

d(T,,, (A),T7, , (A) +2-27"

’ nznl

from above to accuracy 1/m;. Again note that we can easily construct such approximations. It is clear that
limy, 0 6y, (A) = d(T,(A), T (A)) +2- 27" = 6,,(A) and that d(T',,(A),Z(A)) < 6,,(A) (again appealing to the
lemma if we are in the case of the Attouch—Wets or Hausdorff topologles) Given ny,ny, let I = l(np,n;) < ny be
maximal such that 6, ;(A) € JE1 U Jg. If no such / exists or 6,, (A) € JE1 then define Osc(e; ny,ny, A) = 1, otherwise
define Osc(e; ny,ny,A) = 0. Since 6y, ,,(A) cannot oscillate infinitely often between the two intervals J! and J2, it
follows that
Osc(e; ny, A) = lim Osc(e; ny,ny, A)
ny—00

exists. Deﬁne I, (A) as follows. Choose j < n; minimal such that Osc(e; ny, j,A) = 1 if such a j exists, and define
[7,(A) = (A) If no such j exists then define I'; (A) = Co where Cy is a fixed member of (M, d). In particular,
Ff is a type a algorlthm Now for large n,, we must have 6,,(A) < € and hence Osc(e; ny, A) = 1. It follows that
FE(A) = limy, 0 [, (A) exists and is equal to r! y(A) where N € N is minimal with Osc(e; N,A) = 1. It follows that
dT€(A),E(A)) < 26

We use the T, (A) to construct a height-one tower. Observe first that by our assumptions we can compute

n

d(T&(A), T2(A)) for m,n € N and €, & > 0. Given n;, choose j = j(n;) < n; maximal such that forall 1 <[ < j,

A2’ (4).12A) <4277 +27). 2)
If no such j exists then set I',;,(A) = Cy, otherwise set I, (A) = Fﬁ;j("')(A). Again, this is easily seen to be a type «
algorithm. Pick N € N, then by the convergence of the I}, (A) and d(I'“(A), E(A)) < 2¢, (2) must hold for j = N and
1 <1< Nif nj is large enough. Hence by definition of j(n;),

lim sup d(T',, (A), £(A)) < lim supd(I%," (A),E(A)) + 237N < 24V,

np—oo np—oo

Since N was arbitrary, we must have convergence to Z(A).

We now deal with k = 3. The strategy will be similar to the k = 2 case but now we construct I'; , (A) such that
I[7,(A) = lim,, e [, , (A) exists and is 3e close to E(A) for large n, but may not converge in (M, d). Using this,
we will construct a height two type « tower. Let € > 0 and consider the intervals J! = [0, €] and J2 [2€, 0). Let
Ony,myn, (A) be an approximation of

d(rng na,n (A) (A)) +2.27 s

’ n; 12,1

from above to accuracy 1/n;. Again, we have that

lim 1m0, (4) = d(T,(A)

Nnp—00 nyp—

o (A) +2-27" =6,,(A)

exists with d(I'} (A), E(A)) < 6,,(A). Given ny,n; and j, let I(j, ny,n;) < ny be maximal such that 6, (A) € JL UJZ. If
no such [ exists or 8, (A) € Jél then define Osc(e; ny, ny, j,A) = 1, otherwise define Osc(e; ny, ny, j,A) = 0. Arguing
as before, we see that the following limit exists:

Osc(€; ny, j,A) = lim Osc(e; ny,ny, j,A).
nyp—oo

Now consider Osc(e; nl,nz,j,A) for Jj < ny. If such a j exists with Osc(e; ny, ny, j,A) = 1 then let j(n;,n,) be the
minimal such j and set I’ g (A) = /(m S (A). Otherwise set 7, 2, (A) = Co, where again Cy is some fixed member
of (M, d). Since we only deal with finitely many j < n, it is clear that I'; , is a type @ algorithm. Furthermore,
we must have that I}, (A) = lim,, - I7, , (A) exists and is defined as follows. Let j(ny) < n, be minimal with
Osc(e; ny, j,A) = 1 (if such a j exists). If such a j exists then I, (A) = J(n iz (A), otherwise I';, (A) = Co.

Now there exists N € N such that 6y(A) < €/2 and hence Onn,(A) < € for large n,. But this implies that
Osc(e;np, N,A) = 1. Hence for n, large we must have j(ny) < N. If 6;(A) > 2e then for large n, we must have

011,(A) > 2€ and hence Osc(e; na, [, A) = 0. As ny increases, j(n2) may not converge. However, the above arguments
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show that for large n, it can take only finitely many values, say in the set S = {si, ..., 5;y}, all of which must have
05,(A) < 2e. It follows that for large n, we must have

(T, (A), E(A)) < 3e. 3)

Now we get to work using these ‘towers’ (which do not necessarily converge in the last limit) and the trick to avoid
oscillations. Define
F(ni,n, j,L,A) = dT2), (ALT2, (A),  F(na, jL,A) = lim F(nj,na, j,1,A) = d(T2(A), T2 (A))
and the intervals J}J =[0,4277 + 2")],]}2.,] = [8(27/ + 27%),0). Given j,I,n; and ny, we define i(j,[,ny,n;) < n; to
be maximal such that F(i,ny, j,I,A) € JJI.J U JJZ.J. If no such i exists or if it does and F (i, ny, j,I,A) € JJI.J then define

Osc(ny, ny, j.1,A) = 1, otherwise define Osc(;,na, j,1,A) = 0. Choose j = j(n,n2) < np maximal such that for all
1 <1< jwe have Osc(ny, na, j,1,A) = 1. If no such j exists then set T, ,, = Co, otherwise set I, ,,(A) = Fﬁ;,fl' 2 (A).
Again, this is easily seen to be a type @ algorithm.

Arguing as before, we have the existence of

Osc(na, j,1,A) = lim Osc(ny, na, ji 1, A).
np—oo

Now define & = h(n;) < n, maximal such that for all 1 <[ < h we have 6\sc(n2, h,l,A) = 1. If no such & exists then we
must have
rnz(A) = lim rnz,nl(A) = CO’
ny—oo

otherwise we must have ;

T,,(A) = lim T, (A) = T2 (A).
nyj—oo

By (3), for each fixed j, [ we have 6\sc(n2, j.1,A) = 1 for large n, and hence h(n,) exists for large n, and diverges to co.

For every N € N,
limsup d(I2,""'(A), £(4)) < limsup [d (I2," (4). 2(A4)) + d (12" (4).12," (4))]
np—0o

np—oo

<327V 4 limsup 827" 4 27Ny < 11 .27V,

np—oo
Since N was arbitrary, we must have convergence to Z(A). O

Proof of Theorem 2.2.11. The statements regarding intersections in (i) and (ii) follow directly from Proposition 2.1
and the following remark — no assumptions regarding the ability to compute distances between outputs of algorithms
is necessary when considering general towers. For the sharpness result in (i), we deal with X = X and the case
of X = II follows from an identical argument. Suppose that Af 3 {E,Q} € I}, If {E,Q} € II}, we would have
{(E,Q} e nIIY C £¢ NIIY = AY, a contradiction. ]

Exercise 2.11

Here is one way of proving the result. This proof is adapted from J. Ben-Artzi, M. Colbrook, A. Hansen, O. Nevanlinna,
M. Seidel, “Computing Spectra - On the solvability complexity index hierarchy and towers of algorithms”.

( \

Definition 2.2 (Initial segment). We call a finite matrix o € C"™" an initial segment for an infinite matrix A € Q,
and say that A is an extension of o if o is in the upper left corner of A. In particular, o = P,AP;, for some n,m € N,
where P, is as usual the orthogonal projection onto spanfe j}?:l’ where {e;} jen is the canonical basis for £2(N).

\ J

The set E(o) of all extensions of o is a non-empty open and closed neighbourhood of every extension of o

( \

Lemma 2.3. Let {T',},en be a sequence of general algorithms mapping Qy — Mgee, T C Q; be a non-empty closed
set, and S C T be a non-meagre set (in T) such that & = lim,,_,o, [',(A) exists and is the same for all A € S. Then
there exists an initial segment o and a number ny such that ET (o) = T N E(0) is not empty, and such thatT,(A) = &
forall A € ET (o) and all n > ny.
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Proof. We are in a complete metric space 7 and

S:USk with Sy={AeS :T,(A) =¢&VYn > k).
keN

Since S is non-meagre, not all of the S; can be meagre, hence there is a non-meagre S, and we set ny = k.

Now, let A be in the closure S, i.e., there is a sequence {A;} C S, converging to A. By the definition of a general
algorithm, we have that, for every fixed n > ng, |Ar, (A)| < co. Thatis, I, only depends on a finite part of A, in particular
{Af) fenr, ) where Ay = f(A). Since each f € Ar,(A) represents a coordinate evaluation of A and by the definition of
the metric djg, it follows that for all sufficiently large j, f(A) = f(A;) for all f € Ar,(A). By the definition of a general
algorithm, it then follows that Ar,(A;) = Ar,(A) and I',(A) = I',(A;) = ¢ for all sufficiently large j. Thus, I',(A) = &
for all n > ng and all A € S,,. Since S ,, is not nowhere dense, we can choose a point 4 in the interior of S, and fix a
sufficiently large initial segment o of A such that E” (o) is a subset of S_,,O The lemma now follows. o

Roughly speaking, this shows that there is a nice open and closed non-meagre subset of 7 for which lim,,_,., [,(A)
exists even in a uniform manner. Suppose for a contradiction that {Z; g, Q, Mec, A2} € A3G with height-two tower of
general algorithms {I',;}. LetI', denote, as usual, the pointwise limits lim;_,o I'.s. We will inductively construct initial
segments {o,} with 0,41 D 0, yielding an infinite matrix A D o, for all n € N, such that lim,_,., I',(A) does not exist.
We construct {o,} with the help of two sequences of subsets {T,,} and {S ,} of Q,, with the properties that T,,.; C T},
each T, is closed, and either T,, = €, or there is an initial segment o~ € C"™" where m > n such that T, is the set of all
extensions of o~ with all the remaining entries in the first n columns being zero.

We construct the sets T, and S, inductively. Let Ty = €. Suppose that we have chosen 7,. The subset of all
matrices in T, with one particular entry being fixed is closed in 7,. Hence, the set of all matrices with one particular
column being fixed is closed (as an intersection of closed sets). The latter set has no interior points in 7,;; hence, it is
nowhere dense in 7,,. This provides that the set of all matrices in T, for which a particular column has only finitely
many ls is a countable union of nowhere dense sets in 7),, hence is meagre in T,,. Hence, the set of all matrices in
A € T, with 25 o(A) = 0 (i.e., matrices with infinitely many ‘finite columns’) is meagre in T, as well. Let R be its
complement in 7}, i.e., the non-meagre set of all matrices A € T, with =5 p(A) = 1.

Clearly, R = U,enR, with R, = {A € R : T+(A) = 1 Vk > r}, and there is an r, such that §,, = R,, is non-meagre in
T,. Note that I',, ; are general algorithms and I',, (A) = lim,_,o, I, s(A) = 1 forall A € §,,. Thus, Lemma 2.3 applies
and yields an initial segment o, such that

E™(,)#0 andT, (A)=1forall A€ E™(c,). 4)

Now, let T,,,; C T, be the (closed) set of all matrices in E7"(c,) with all remaining (i.e., outside the initial segment
0 ,) entries in the first n + 1 columns being zero. This completes the construction.

The nested initial segments 0,41 D 07, yield a matrix A € N° /T, and this A has only finitely many 1s in each of its
columns. Thus, Z; o(A) = 0. However, by the construction of {7}, we have that A € ET(o,) for all n € N. By (4),
I't(A) = 1 for infinitely many k, a contradiction.

Exercise 2.12

Proof of propositions: We first prove the first proposition. Fix A € Q throughout the proof and let H(a) = ['(A, a).
Suppose that {a,} ¢ C with lim,_,., a, = a € C, where Ar(A, a) is finite. Since Ar(A, a) is finite, there exists an N
such that if n > N, then pj(a,) = p;(a) for all p; € Ar(A,a). It follows from the definition of a probabilistic general
algorithm that Ar(A, a,) = Ar(A,a) and H(a,) = H(a). Since the set {a € C : |Ar(A,a)| < oo} and M U NH are
metrisable, this shows that H is continuous on {a € C : |Ar(A, a)| < oo}.

To prove measurability, it is enough to show that the preimage H~'(U) of each open subset U ¢ M U {NH} is a
Borel subset of C. If NH ¢ U, this follows from the continuity of H on {a € C : |Ar(A, a)| < oo}. Hence, it is enough
to show that H~!({NH}) is Borel subset. This preimage can be written as the union

{aeC:|Ar(A,a) = o} U{a € C:|Ar(A,a)| < oo, H(a) = NH}.

Using the above arguments, the first set in this union is closed, as its complement is open. Similarly, the second set is
open. Hence, the result follows.
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To prove the second proposition, suppose that B € Q is such that f(A) = f(B) forall f € S N A. If a € C with
Ar(A,a) c S, then we must have I'(A4, a) = I'(B, a) and Ar(A, a) = Ar(B, a). It follows that

faeC:Ar(A,a)c S} claeC:Ar(B,a)CS}.
We can reverse the roles of A and B to see that
faeC:Ar(B,a)cS}claeC:Ar(A,a) C S}.

We also clearly have Ar(A, a) = Ar(B, a) on this set.

Equivalence of A and AY when A is countable: It is clear that if a problem lies in A?, then it lies in AS. For the
converse, suppose that {E,Q, M, A} € Aﬂf. Let n € N, then there exists a probabilistic general algorithm I["” such that

P({aeC:dI(4,a),E4) <27 D)) >2/3 VAcQ (5)

Since the set of finite subsets of A is countable, there exists an increasing sequence of finite sets S| C S, C S3 C
-+~ < AF such that if § < AF is finite, then § c S for sufficiently large M. Let A € Q be an input, for a finite set
S c AP, define the set

Us={aeC:Ar(A,a) CS}.

We claim that Us is open and hence measurable. To see this, suppose that a € Ug. Since Ar(A,a) C § is finite, the
definition of a probabilistic general algorithm implies that there exists N € N such that if b € C with p,(b) = p,(a) for
alln < N, then Ar(A,b) = Ar(A,a) and T"(A, b) = I"(A, a). In particular, b € Ug. Hence, an open neighborhood of a
exists inside Uy, and the claim follows.

If a € ChasI”(A,a) # NH, then Ar (A, a) is finite. It follows that

laeC:T'(A,a) # NH} c U Us = U,
ScAF.S finite

where U is open and hence measurable. Then, by (5) and that NH is an isolated point, it follows that P(U) > 2/3.
Moreover, the partition of A¥ defined above implies that U = (J%_, Us,,. Since the sets {Us, },, are increasing and
P(U) > 2/3, we may choose m minimal such that P(Us,) > 2/3. We claim that with the choice S(A) = §,,, the map
A — S(A) is a general algorithm with Ag(A) = AN S(A). To see this, suppose that B € Q with f(A) = f(B) for all

f € AN S(A). The proposition proven above implies that
PH{aeC:Ar(B,a)c S(A)}) =P({aeC: Ar(A,a) c S(A)}) > 2/3.

Since we chose the set S, with m minimal in the above construction, it follows that S (B) € S(A). Since f(A) = f(B)
forall f € ANS(B) c AN S(A), we apply the proposition again (with the roles of A and B reversed) to see that

P{aeC:Ar(A,a) cSB)}) =P({aeC: Ar(B,a) c S(B)}) > 2/3.

Again, using the minimality of m, we see that S(A) c S(B). It follows that S (A) = S(B) and Ag(A) = As(B). Hence,
S is a general algorithm as claimed.
Given A € Q, let
E(A) = {a €C:dI'(A,a),E(A)) < 2-"””},

which is measurable by the same arguments as for Us. Since P(E(A)) > 2/3 and P(Us4)) > 2/3, it follows immediately
that P(E(A) N Usga)) > 1/3. Let I'(A) be a member of M that satisfies

P(Us N fa € C: dT(A).T'(A,0) < 27"*V)) > 1/3.

Such a choice I'(A) must always exist (since the above is satisfied by Z(A) since P(E(A) N Usa)) > 1/3).

We claim that I'(A) is a general algorithm with Ar(A) = AN S(A). We first compute S (A) using Ag(A) = ANS(A).
Let N be such that for all n > N, p, ¢ S(A). Note thatif a,a’ € C is such that p;(a) = pj(a’) for j = 1,..., N, then
Ar(A,a) C S(A) if and only if Ar(A,a’) € S(A). Indeed, without loss of generality suppose that A (A, a) C S(A);
then for every f € Ar(A,a), f(A,a) = f(A,a’) so by the definition of a probabilistic general algorithm, Ar(A, a) =
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Ar(A, a’). In particular, we can construct Ug(,) using only the first N projections. Then for each a € Ug4), we may
compute [’(A, a) using only the finitely many evaluation functions in A N S(A). Next, we must find I'(A) such that
d(T(A),T"(A,a)) < 27D for at least (2/3)/P(Usa)) of the a € Usa); such a I['(A) exists (as Z(A) is one) and can be
computed deterministically, using only the evaluation functions in A N §(A), by simulating all possible combinations
of N coin tosses. Finally, suppose A, B € Q are such that f(A) = f(B) for all f € AN S(A). Then as S(A) = S(B),
by the proposition proven above, {a € C : Ar(A,a) C S(A)} = {a € C : Ap(B,a) C S(B)} and so for all a € Usa),
I"(A,a) = T’(B,a). Hence, since I'(A) and I'(B) are chosen according to the same conditions, we can choose I'(A)
consistently to make it a general algorithm. Note then that

P(E(A) N Usy N {a € C: dT(A),T"(A,a) <27 V}) > 2/3+1/3-1=0.
Hence, there exists a in this intersection so that
d(T(A),E(A)) < d(T(A),T’(A,a)) + AT’ (A, a), E(A)) < 27".
Since n € N was arbitrary, it follows that {=Z, Q, M, A} € A?.

Equivalence of Ag’ and Ag when A is countable: It is clear that if a problem lies in A%, then it lies in Ag’. For the
converse, suppose that {E,Q, M, A} € Ag’. Then there exists an SPGA {I'}} such that

P({a €C: lim I, (A,q) = E(A)}) >2/3andP(ja € C: T'(A,a) £ NH)) > 2/3 YneN,AeQ.
m— oo

Let N € N. Arguing as above, there exist general algorithms (now dependent on #) {S,,} such that each §,,(A) is a finite
subset of AF that satisfy
P({aeC: ArjA.a) c S,(A)}) > 2/3.

We now consider the set
Ry(A) = {x e M:P(Us,m) N |a € C:d(A,a),x <27V}) > 1/3}.

Let x¢ be a fixed member of M. If R,(A) = 0, we set Ff,v (A) = xg. Otherwise, let F,,N (A) = x for some element x of
R,(A). As before, this choice can be executed so that 'Y is a general algorithm.
We have

{a €C: lim I (A, a) = E(A)} c U {aecC:dT, A a),.54) <27 forallm > M}.
M=1

It follows that there exists some M so that the set
Ey(A) ={a € C: d(T;,(A,a),5(4)) < 27V for all m > M|

has P(Ey(A)) > 2/3. If n > M, then P(Ey(A) N Us,a)) > 1/3. In particular, Z(A) € R,(A) so that R,(A) # 0.
Moreover,
P(Eu(A) N Us,yNfa € C: dT(A,a),T)(A) <27V)) > 2/3+1/3-1=0.
If a lies in this intersection, then
d(T') (A), E(A)) < d(I')(A),T}(A, @) + d(T,(A, a), E(A)) < 27",

It follows that
lim sup (I’ (A), 2(A)) < 2!V, (6)

n—oo

We must now alter {I'y } to obtain a AS-tower.
Given m, choose N = N(m) < m maximal such that forall 1 <[ < N,
d(Th(A),T),(A) < 427V +27).
If no such N exists then set N(m) = 0 and I',,,(A) = xy, otherwise set I',,(A) = l"%(m)(A). The bound in (6) implies that
lim,;—,co N(m) = co. Furthermore, for each fixed g € N, since for sufficiently large m N(m) > g, it follows that

lim sup d(T',,(A), Z(A)) < lim sup d(TY™(A), T%(A)) + lim sup d(I',(A), Z(A))

m—oo m—o0 m—oo

< limsup4(2 ™M™ +279) 4+ 2179 = 6. 279,

m—oo

Since g was arbitrary, we have the desired convergence. It follows that {Z, Q, M, A} € Ag.
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3 Chapter 3

Exercise 3.1

‘We have
-1o-l -1
z z2 Z*
Je=zD" = R
- -2
A
Letu = (uy, ..., u) € C* with ||ul| < 1, then
k+1— k+1—j

J_
|[(Jk—zl)71u]j| _ Z ul+j 1

Z Jof

It follows that

k+1-j J 1 2 k 1—(1/|Z|)j 2 1 k 1
12 _ _ _ -2k
I = 27 <21 > m,} _z{;_w} Z( A ) < T 2 = O™
J= = Jj= Jj=

=1

Combining with the lower bound from the book, we see that ||(J, — zI)™!|| = |z/7%.
If |z = 1, we can bound ||(J; — zI)™!|| by the Frobenius norm to see that [|(Jy — zI)7'|| = O(k). Let u =
(=z,-22,...,=7"), then
e—zD'u=k,(k—1z,...,75".
Hence,
IJe—zD7"ull  VI+22+ .. + K2 o

L
[l - Vi V3

It follows that ||(Jy — z)~!|| < k

Exercise 3.2

First suppose that f is a smooth compactly supported function on R. Using integration by parts, Holder’s inequality
and the AM—GM inequality, we have that

A1 < 1A N < (a||f”||2 aIIfIP)
for every a > 0. Using integration by parts once more, we have

TP = 1712 + I fIP + 2Re((xf, — 7)) = If7IF + IIxfIP + 2Re((if, £7))
> 171 + P = 204002 17 1P + eI = all £ = a” AP

Combining these inequalities for sufficiently small a, we see that there exists a constant C with

1P + 1P < € (IT AP +11A1F). ™
Using the density of such f in D(T') and the fact that 7 is closed, we arrive at

D(T) ={f € H*R) : xf € L*(R)}.

We would like to use Rellich’s criterion to conclude that 7 has compact resolvent. First, let 1 € R and f be a smooth
compactly supported function on R. Then, using the same arguments as above,

(T = ADAIP = IF7IP + llGix = DA + 2Re({(ix = D f, —f"))
= 171 + Gx = VAP = Al I + 2Re(ixf, £7))
> 171 + Gx = VAP = Al I = allf 11> = a AP
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Note that [ix — A| is bounded below on R (as a function of x). We can now choose a and |4| sufficiently large so that
[|(T — AI)f|| is bounded below by a constant factor of || f]|. Applying a density argument, we see that o, (T — AI) > 0.
We argue similarly for the adjoint to see that 1 ¢ Sp(T). Now let B be the closed unit ball in L*(R) and g € B. Let
f=(T-AD7g, then

IT A< 1A+ Ngl < AT = aD7H =+ 1, A< T = aD™.
It follows from (7) that the image of B under (T — AI)~! is a subset of
(f € P®):|Ifll < ClIxfll < CIf7 NI < C)

for some C > 0. Using Rellich’s criterion, we see that (T — AI)"' B is a subset of a compact set and, hence, relatively
compact. So (T — AI)~! is compact and, hence, the spectrum of 7' can only consist of isolated eigenvalues.
Suppose that f € D(T) and set f;(x) = f(x — ). Then

(T —itDfil(x) = =f"(x =) +i(x = f(x = 1).

Hence, oins(T) = oine(T — itI). We can argue in a similar fashion with the adjoint to see that ||(7 — z/)~ is constant
along each vertical line in the complex plane. Hence, since T has discrete spectrum, its spectrum must be empty.

For the final part, we know (from section 3.4 of the book) that the Hermite functions {¢,, : m € Zs} are such that
their span forms a core of T and its adjoint. We now consider the basis functions 1,,(x) ® ¥,,(y) of L>(R?) and the
operator

1”—1

e .
SQZ—@+IX

initially defined on span{y,, ®,, : m,n € Zso}. We then let S be the closure of this operator. The corresponding matrix
representation of S is a direct sum of infinitely many copies of that of 7. The operator S has empty spectrum, but its
resolvent cannot be compact since it is a countable direct sum of a single, nonzero, operator.

Exercise 3.3

It suffices to consider m = 1 since the following arguments easily extend. Define xo = sup,.; dist(z, Sp(A)) and assume
that xy > 0, else there is nothing to prove. It suffices to define g;(x) for x € Ry with x < xy since we may then extend
g1 to the whole of R(. Define

gi(x) = inf A =zD7 ! for 0<x< x.
|z|<1.dist(z,Sp(A))=>x

Note that g7(x) < x. By construction, if |z] < 1, then

81(dist(z, Sp(A))) = A =wh™ ' IT" < A =2zD7'II

inf
[wl<1,dist(w,Sp(A))=>dist(z,Sp(A))

Moreover, since the unit ball in C is compact and z +— dist(z, Sp(4)) and z — ||(A — zI)~'||”! are continuous, we see

that g7 is continuous. However, it may not be strictly increasing. To fix this, we define the sequences

. 1 . . 1
y():gl(-xo)’ Yn = Eynfl’ anmlﬂ{XZgl(X)Z Eynl}, nGN.

Since gj(x) > 0if x > 0 and g7(0) = 0, lim,,_, X, = lim, e y, = 0. We then consider the continuous piecewise affine
function g; that satisfies g;(x,) = y,+1 for n € N and is affine on the intervals (x,, x,). It can easily be checked that
this function satisfies all the desired properties and g(x) < g7(x).

For the Jordan block example, we take

A= @(Jk + kD),
k=1

defined in the obvious manner as an element of Qpyy. The spectrum of A is N, but since limy_,c [|(J5 — %1)‘l || = oo,
inf{[|(A —zD)~'|I”" : dist(z, Sp(4)) = 1/2} = 0.

Hence, we cannot use a single function g,, = g; for all m € N, regardless of the choice of g;.
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Exercise 3.4

The main alteration is to replace the functions {®,} in CompSpec. Let A € Q,. Recall the functions

Yiran @A) = Min {030(Pr (A = P}, Tiat (P (A* = ZDP;,)

from Chapter 1. We can compute an approximation to y,, », (z, A) from above to within an accuracy of 1/n; in finitely
many arithmetic operations and comparisons. Call this approximation function ¢, ,,(z, A) and we can assume that
it takes values in iN, As ny — ©0, Yy, ,(2,A) converges to ,,(z,A) = min{oint((A — zDP;,), Tint (A" = ZDP;,)}
monotonically from below. By taking successive maxima over n; and then minima over np, we can assume that
{n,m (2, A) 1s non-decreasing in n; and non-increasing in ny. Since 7y,,,, obeys these monotonicity relations, this
preserves the error bound of 1/n,. It follows that ¢, ,,(z, A) converges to {,,(z, A), which takes values in the set 2172N
and, hence, £, ,, (z, A) is eventually constant for large n; with [[(A — zI)™'|™! < y,,,(z, A) < £,(z, A) < Y, (2, A) + 1/n,.
We now let fnz,nl(A) be the output of CompSpec with n = n; and ¢, »,(z, A) replacing ®,(z,A). The proof of
convergence of CompSpec implies that
lim lim T, (A) = Sp(A) VYA €Q,,
Ny—00 nj—00
and we must have that IA“,WZ1 (A) is constant for large n;. We must adapt this tower to achieve the 2‘2‘ classification.
Let h;,, be an approximation of gjfl from above to accuracy 1/m, computed in finitely many arithmetic operations
and comparisons. We also assume that each %}, is an increasing function. We first set

T0,0(A) = (2 € D) ¢ By, n(Gonan(, A) < (2 + D7)
This does not alter the convergence and we still have

lim lim T, , (A) = Sp(A) VA € Q,, (8)
Ny —00 N —00

For each I, ,(A), let S (m,n, A) = maxeer;, 4) i1, m($mn(z, A)), where we take the maximum over the empty set to be
+00. Note that S (m, n, A) can be computed using finitely many arithmetic operations and comparisons from the given
data. As before, I';, ,(A) is constant for large n, and, hence, so is S (m, n, A). Let

Sm(A) = lim §(m,n,A) = max hpgy, m(Gn(z, A)).
n—oo zel,(A)

The convergence in (8) and the local uniform convergence of £, (z, A), together with the restriction A1, n({nn(z, A)) <
(2> + 1)~ imply that lim,, 0 S ,,(A) = 0.

For given m,n € N, if n < m then set I, ,(A) = 0. Otherwise, compute S (k,n,A) for m < k < n. If there exists
such a k with S (k,n,A) < 27", then choose a minimal such k and set I, ,(A) = F,’(yn(A) (which must be non-empty by
the definition of S (m, n, A)), otherwise set I, ,(A) = 0. Let N;(m) > m be minimal such that S y,,) < 27". It follows
that we must have lim,,, ', ,(A) =: T,(A) = F;Vl(m)(A). We must also have lim,,_,o, [',,(A) = Sp(A). Furthermore,

. < -1 < < <nm
Jnax dist(z, Sp(A)) < Tnax 8, (Y@ A) < Z;nrf({g)hnme m(Gn(z,A)) < 8 Ny (A) <2
so that I',,(A) € Sp(A) + B,-»(0). We can easily alter this tower by taking subsequences to obtain 2/2" convergence in
the Attouch—Wets metric space.

The upper bound for pseudospectra is simpler and follows by replacing {®,} in PseudoSpec with {{,,}. The lower
bound follows the same argument that spectra of self-adjoint operators cannot be computed in one limit.

Exercise 3.5

We have

(A - zDe;, (A — zD)e;) = (Ae;, Aej) — (e, Aej) — HAei, e) + |2 eir e)
and similarly for A*, so the informationin A" is sufficient to compute (A — zl)e;, (A — zl)e;y and (A — zl)*e;, (A — zI)"e;)
to arbitrary accuracy. By operator folding, there exists an approximation {®,},cn With @, | y as n — oo with local
uniform convergence and, hence, we get a Z/f algorithm through Compspec.
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Exercise 3.6

Suppose that A € Qp ) is band-dominated. There exists a sequence {A,} of banded operators that satisfy lim,_,« [|A —
A,|l = 0. Fix n, then since lim,,_,o f(m) —m = oo, Dy,,(A,) = 0 for sufficiently large m. For such an m,

Df,m(A) < Df,m(An) +1A = Aull = ||A = Ayl

It follows that
limsup Dy, (A) < ||A — Al

m—-oo

We now take n — oo to see that A € Q.

Exercise 3.7

Fix A € Qpqy). Forn € N, take N € N sufficiently large such that

D KAejepf <47 and ) (A'ejepf <47 forl<j<n.

i=N+1 i=N+1

Set f(n) = max{N,n + 1}. Then the columns of (/ —P;.(H)Pf(n))AP,*, have norm at most 27" and similarly for the columns
of (I — P

f(n)Pf(n))A*P;;. The operator norm of a (possibly infinite) matrix is bounded by its Frobenius norm. Hence,
Dyn(A) < \n2™ — 0asn — oo so that A € Q.

Exercise 3.8

We already know that {Sp_, Q ¢, Maw, A} € Zj‘ for all € > 0. Let {I';,},,eiy be a height-one arithmetic tower realising this
2‘{‘ classification. We then set I',, ,,(A) = F,l,]/ "(A). Exercise 1.11 implies that we have convergence to Sp(A) in the
double limit lim,, e lim,, —,co. The Hg‘ classification follows from the fact that Sp(A) c Sp,,(A) for each n, € N.

Exercise 3.9

For the first part, let {d,,} be a null sequence with lim,_, ¢,,/d, = 0. We simply run CompSpec and PseudoSpec with
{c,} in the algorithms replaced by {d,}. For large n we must have D,(A) < d, and, hence, obtain Ag‘ classifications.
Without {c,} or {c,}, PseudoSpec need not converge for the reasons outlined in the discussion just before Theorem
3.2.3.

Exercise 3.10

Take an arbitrary e}, then ||(/ - P

*

ﬂn)SDﬂ,,))Aejll < ¢, forn > j. Hence,

<cy

Aej - Z(Aej, 6,‘)@,’

i=1

and we can obtain arbitrarily accurate approximations of Be; for B = A. A similar argument works for B = A*. To deal
with B = A2, we can apply the same argument again with e; replaced by >, (Ae;, e;)e;, where we use that fact that

A2e;j— A (Z(Aej, ei)e,-]

i=1

< Mc,.

It is now clear how to extend to general B = []’_; A;, where each A} is either A or A*. Once we have arbitrarily accurate
approximations of Be; for each e;, we can clearly approximate the matrix entries.
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Exercise 3.11
Suppose that A € Qf,z€ C,n € Nand § > 0. Let € = [Tint(P (A — zD)P;;) + 61* and consider the matrix
B =[Prm(A - ZI)PZ]*[PJ:(”)(A —z2DP:] — el, € C™",

where I, is the n X n identity matrix. B is a self-adjoint matrix and is not positive semi-definite. It follows that B can be
put into the form PBPT = LDL*, where L is lower triangular with 1’s along its diagonal, D is block diagonal with block
sizes 1 X 1 or 2 X 2 and P is a permutation matrix. This can be computed in finitely many arithmetic operations and
comparisons. Let x be an eigenvector of B with negative eigenvalue (B is not positive semi-definite) and set y = L*Px.
Note that

{y, Dy) = (L*Px, DL* Px) = {x, Bx) < 0.

It follows that there exists a unit vector y; with (y;, Dy;) < 0. Such a vector is easy to spot if a value in one of the 1 x 1
blocks of D is negative. If not, we need to consider 2 X 2 blocks. We can find a 2 X 2 block with a negative eigenvalue
by computing the trace and determinant. Without loss of generality we assume that this block is the upper 2 X 2 portion
of D. We can then find y; = (a, b,0, .. ., 007 £ 0 with 1, Dyy) < 0.

Since L* is invertible and upper triangular, we can efficiently solve for #; = PT(L*)"'y; using finitely many
arithmetic operations and comparisons. We then approximately normalise ¥; by computing ||%|| = t;(0) > O to
precision p > 0 using finitely many arithmetic operations and comparisons. If we set X; = X, /t;(p) then

p _h)-p

t +
<y tOre P

n)  hip) 1) np)

So we successively choose p smaller until we reach p; such that p;/t;(p1) < 6. This is always possible since
limgyo #1(0) = |I%1|| > 0. Let t; = t1(p1), then

(%1, B, = t;(L*P%,, DL*P%) = £;%(y1, Dy;) < 0.

Note that )
P (A = 2DP;i || = (&1, Bir) + 1511 € < [1&117€ = 11211 [0 (P o (A — 2DP}) + 61

In exactly the same way by considering the adjoint, we can compute %, such that

* * A 2 2 * *
P (A = 2D P a|” < I8l PL0int (P iy (A — 21 P%) + ST

Let J; = ||7)f(n)(A - Z[)PZ)A61||2/||)A61||2 and J, = ||7)f(n)(A - Z[)*P;.f?z”z/”)?z“z If J, > J,, we set x,, = 7),*1)?2, otherwise
we set x, = P X;. It follows that

min {|[(A = zDx,ll, [I(A = 2))"x,]|} < min {Il?f(m(A = 2D X1, 1P ey (A = Zl)*xnll} + Cullxall < [Dn(z, A) + 6]l1xl-

Now suppose that z, is in the output of CompSpec and converges to z as n — oo, where z is an isolated part of the
spectrum whose Riesz projection has finite rank. Suppose also that

(A = zD)xul| < [Pn(z, A) + S]l1xll

(we can argue using dual spaces if not). Let v, = x,/[|x,|l. We also replace 6 with a sequence ¢,, | 0 to ensure that
(A = zD)v,|| = 0. Let E be the eigenspace associated with z. We may write v, = e, + w, where ¢, € E and w,, € E*.
We have (A — zI) is bounded below on E+ and, hence, lim,_,., w, = 0. It follows that dist(v,, E) — 0.

Exercise 3.12

It is enough to prove the upper bound for Qp ) and the lower bounds for €2,. We begin with the upper bound. Arguing
as in the solution to Exercise 1.15, for z € C and A € Qpqy), let ¥y, »,(z, A) be an approximation of

Yoo (@A) = min {0t (P, (A = 2DP},), Tint (P, (A" = ZDP;,)}

ny

that is computed in finitely many arithmetic operations and comparisons so that

I
Yy (2, A) = . < Vo (2, A) £ Yy, (2, A).
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For each A € Qpqy) and K € J7(C), we set

.~ 1 _
Fn3,n2,n1 (A, K) = “IS min 'y”z,nl (Z, A) +—< 21 n3 ?”
2€Kyy no

It is easy to see that
lim  lim Fﬂss"z,"](A’ K)="Is m}n Y(Z, A) < 217n3 7
€K,

Ny —00 N —00

The Hg‘ classification now follows from the same arguments in the proof of Theorem 3.3.14.
For the lower bound for €, it is enough to consider the following problem for self-adjoint operators A € Qga:

E:A - “Is0eSpA)?””

Our proof strategy will be to embed a combinatorial problem from Chapter 2. Let Q" denote the collection of all
infinite matrices a = {a; j}; jen With entries a; ; € {0, 1}. Recall the problem function

_ 1, if 3, a;; = oo for all but finitely many j,
B o(ai ) =

0, otherwise.

In Chapter 2, we showed that {Z; o, Q', Mgec, A’} ¢ A?, where A’ is the set of component-wise evaluations of {a; ;}.
Suppose for a contradiction that {I',, ,,} is a Ag;—tower of algorithms for {E, Qga, Mgec, A}. Given a sequence {c;}ien
with each c¢; € {0, 1}, list the indices where ¢; = 1 as

{icci=1y={ij,ip,...}), 1< <....

This set may be empty, finite, or countably infinite. Define iy = 0 and let r({c;}) be one greater than the cardinality of
{i : ¢; = 1}. If r({c¢;}) < o0, then we define

L=2+iy—i1, k=1,....r({c})) -1, lr(m}) = 00,
otherwise we define
lk=2+ik—ik_1, k € N.
We set

r({ci})
C({Cl}) = @A[k, Am = . e mem’

k=1 0
1 1

where A, = diag(1,0,0,...). Note that Sp(C({c;})) € {0, 1,2} and 1 € Sp(C({c;})) if and only if r({c;}) < co. Given
{a;;} € &', define the self-adjoint operator

[oe]

A=Ala; ) = @ [C({ai,j}ieN) -(1- 27(1+j))1] € Qga.
s

If 25 p({a; ;}) = 1, then 0 ¢ Sp(A). If &, p({a; ;}) = 0O, there exists a null sequence in Sp(A) and 0 € Sp(A). We set
Tooi({ai ) = 1= Doy, (Allai ).

This defines a general algorithm that uses A’. Furthermore, the convergence of I',,, ,, implies that
lim lim T, ({a;,)) = Es,0({ai ).

1y —00 1| —00

However, this contradicts {E5 9, Q’, Mec, A’} ¢ AY.

28



Exercise 3.13

We first prove that for every € > 0, {S., Qp, My, A} € A/z‘. Given A = diag(a;,ay,...) € Qp, we let I',(A) be an
approximation of
{z € C: dist(z,{aj,...,a,}) = €}

to an accuracy of 1/n in the Hausdorff metric. If z € S¢(A), then there exists w € Sp(A) with |z — w| = € and there are
no points in Sp(A) closer to z (though there may be ties). It follows that dist(z, {ay, ..., a,}) converges monotonically
down to €. A simple geometric argument then shows that lim,,_,, dist(z,I’,(A)) = 0. On the other hand, suppose that
Zn; € [y;(A) for a subsequence {n;} and that z,;, — z. Then clearly dist(z, Sp(A)) = €. The Ag‘ upper bound now follows.
The proof that {Sp, Qp, My, A} ¢ HIG carries over straightforwardly to show that {S,, Qp, My, A} ¢ HIG. To prove that
{Se, Qp, My, A} ¢ 6, we note that we can alter the argument by adding points to the spectrum that remove points of
S¢(A) close to the real line.
Let z € C be fixed. Given A € Qp, let

Lo (A) = “Is dist(z, {ay, . .., a,,}) € [e(1 —27™), e(1 +27"2))?”

Then, owing to the fact the interval in the decision problem is closed at its left endpoint and open at its right endpoint
and that dist(z, {a, . . . , a,, }) converges down to dist(z, Sp(A)),

lim T, (A) = “Is dist(z, Sp(A)) € [e(1 —27™),e(1 +27))?”

It is now clear that {1:,12,,1l } provides the desired Hg‘ algorithm for {E3, Qp, Mgec, A}. The proof that {Z3, Qp, Mgec, A} ¢
Ag follows from Step 1 of the proof of Theorem 3.3.14 by setting z = —e. Other values of z can be dealt with by
shifting the argument with multiples of the identity operator.

Exercise 3.14

Using the alternative form of the total variation, we have

TV e (m) = Z Z f: I

k=1 1<ij<..<ix<d

am
__T¥m

dx;, -+ dx;
1 k>
Ox;, -+ 0x;,

where ¥ has %; = x; for j = iy, ..., iy and %; = r otherwise. We can use the recurrence relations for Hermite functions
as well as Cramér’s inequality (|y/,(x)] < 7~'/4 < 1) to gain the bound

f f dx; -+ dx;, < (2ry2(mlle + D) .
d

d
VL) < 3 (2r 20l + D) 1=Z(zr\/ﬂnmnm+1>)"(Z)=(1+2r«/2<||m||fm+1>)d—1.

k=1 1<iy <-<ix<d k=1

a"wm

Bx,l - 0x,

(€9)

It follows that

Exercise 3.15

By taking a complex conjugation of the eigenvalue equation, we see that u;‘ = u; (up to normalisation). The form
of ||Q;l| now follows. Code for the imaginary cubic oscillator can be found in “chapter3/imaginary_cubic.m” in the
repository. This exponential blow-up of the condition number means we need extended precision for large eigenvalues.

Exercise 3.16

The space L*(R) decomposes into a (non-orthogonal) direct sum of closed, H-invariant subspaces

L*(R) = ran(Q,) @ - - - ® ran(Q,,) ® ran(I — P,,),

29



where P, = 3L, Q;. Using the fact that each Q; commutes with H, we have

(H =2y == Pu)H =2 (I = Pp) + D (4 -2)7'Q;.

=

It follows that

-1 ¢ -1 ¢ ”Qj”
ICH = 2D < [ 1+ D IQUINICH = 2Dlbp I+ D =2 ©)

— iz — 4

Jj= j=
Using the lemma in the exercise, we observe that
—tH . —tH s 1= A
||€ ! rran(I—Pm)” = jh_{g”e ! rran(Qm+|)®>--®ran(Qj)|| <e el Z e “; l)“an'

j=m+1

We assume that [|Q;]| < exp(%) and use the fact that A; — 41 > (j — (m + 1))(r/ V3+1)forj>m+1. Fors>1,

Z efz(/l_,-—d,,l+1)||Qj|| < Z e’(/lrxlm+1)||Qj||
Jj=m+1 J=m+l
< Z o~ m+ 1))/ V3+1) exp(jn/ \/5)
Jj=m+1
3 - m+l—j _ ¢
_exp<(m+1)n/\/§)j_;le _e_lexp((m+l)7r/‘/§).

We must also consider the case that < 1. Here, we use the facts that |le™*# Man(—p,ll < 1 and Aypq < c(m + 1%/ with
¢ = [2I(E) Va/( V3T ($)1°° to see that if 7 < 1, then

_ _ 6/5 _ 6/5
lle tHFran(sz,n)ll <l<e /Ln+1eC(m+1) <e lﬂmﬂeC(m*'l) )

It follows that, for ¢ > 0,

e s
lle™ Nanir—p,,) |l < €741 max{ [ exp ((m + Dn/ \/5) , e”(’"“)é/i} < Mt geOn D
e —
The Hille—Yosida theorem now implies that
. c(m+1)%°
”(H - Zl)rr_an(I—Pm)” < m Yz € C with RG(Z) < /lm+1.
m

Using Q]| < exp(%) again, we see that if Re(z) < 4,,, then

e(m+ Dr/ V3 -1 ec(m+ 165

14 D QN ICH = 2D, I < | '
{ Z ; ] ran(I-P,,) en/‘g -1 7T/ \/§+ 1

=1

Combining with (9), we see that if 4,,-; < Re(z) < 4, with z ¢ Sp(H), then

e(m—l)ﬂ/\/§ -1 e(m+1)n/\@ -1

) X 1
|/lm—l - Zl Mm - Z| 71'/ \/§ +1

Q-1 . (1Q| . exp[(m + D)rr/ V3 + c(m + 1)°°]
h |/lm—1 - Zl |/lm - Z| 14 )

N 6/5
. ec(m+])

-1+
e/ V3 _ et/ V3 —

Together with [|Q;]| < exp %), this provides the desired result.
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4 Chapter 4

Exercise 4.1
For the first part, , is clearly positive and by definition
1,(C) = (EChv, v) = (v, v) = VII*.

If z ¢ Sp(A), then there exists an open set U containing z with U N Sp(A) = 0. By the spectral theorem for normal
operators, E(U) = 0 and, hence, u,(U) = 0 and z ¢ supp(u,). Note that supp(u,) need not be the whole of Sp(A).
Now suppose for a contradiction that there exists

<€ Sp(A)\ Cl [U supp(,uv)].

veH

There exists an open set U that contains z and does not intersect supp(u,) for all v € H. Hence, u,(U) = 0 for all v,
and hence E(U) = 0. However, this contradicts the spectral theorem.

For the final part, note that if P, Q are projections with PQ = 0, we have ran(Q) cC ker(P) = (ran(P))*. Hence,
Qu L Pu for each u € H. In particular, if U NV = 0, we have E(U)E(V) = EU NV) =0, so EU)u L EV)u for
each u € H. Let {S;} be a measurable partition of C, v,w € H and «; € C with |e;| = 1 such that KE(S j)v, w)| =
a i {E(S jv, w) = {a;E(S j)v, w). We then have

Z Iityo(S )] = <Z @ E(S )V, w> < Z @, &S j)v
=1 j=1 =1

Since §; NS ; =0 fori # j, we have ;E(S Ju L a;E(S j)u for each u € H, and, hence,

i @ &S j)v

J=1

lIwll

2

DTS VP = > (S ) = () = vl
J=1 J=1
Hence,

D (S DI IVl
j=1

j
The result follows since {S ;} was arbitrary.

Exercise 4.2

Squaring the given inequality and using the spectral theorem, we have:
[ 1= 0P du < e
Applying Markov’s inequality we then have:
WA R = Ao 2 0) = (A€ R =P 2 D < 5 [ 1A=l

Hence we get:

2
€
A eR A= 29| 2 6} < 6—2||v||2.

Since {1 € R : |A = Ag| = 6} = (Ag — 6, Ao + 6) and w,(R) = ||[v||%, we then obtain:
2 € 2 e 2
Hy((Ag = 6,0 + 6)) = IVII” — (EIIVII = [1 - ﬁ} [Vl

Thenif § = +/esay, we will have u,((19—6, Ag+6)) = (1-€)|||*. For 1—€ ~ 1 we will then have u,((1p—96, Ap+9)) = IvI[%,
meaning that most of the measure is concentrated on (g — 9, Ay + 0).
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Exercise 4.3

Suppose that A is a bounded normal operator and that v is a generating vector for A. Let R > 0 be such that
Sp(A) C Bg2(0). Fix a Borel subset S C Bg(0) and let p be a polynomial in z and z. Then

lys (A)v — p(A, AWI* = s (2) = pz, DI di(2).
Sp(A)

Since y is finite and compactly supported, the space of polynomials in z and Z is dense in L?(u). It follows that ys(A)v
lies in Cl(span{A*kAlv 1 k,1 € Zp}) and hence v is a star-cyclic vector for A.

For the example showing that this need not hold for unbounded operators, let A be the multiplication operator M,,,
where y is the measure on R, with density given in the question. Let v = 1, which is a generating vector for A. It is
easily checked that A is self-adjoint. Using the change of variables y = log(x), we have for n € Z,

wa X" sin(2r log(x)) du(x) = j:: \/;Tn exp(—y2/2 + (n + 1)y) sin(2zy) dy.

A further affine change of variables and the periodicity of sin implies that this integral vanishes. It follows that
(A", sin(2rlog(A))v) = f X" sin(27r log(x)) du(x) = 0.
R>0

Hence, sin(27 log(A))v is a nonzero vector that is orthogonal to the space Cl(span{A*kAlv 1 k,l € Zsp}), so v cannot be
a star-cyclic vector.

Now suppose that v is a generating vector for a (possibly unbounded) normal operator A. Let f € C(R?). We will
show that its Hermite function expansion converges uniformly. Let

Pnf = Z s ¥mMWrm.

Im|<N

Since Pyf converges in L*(R?), it has a subsequence Py, f that converges almost everywhere. However, we know
from the proof of Proposition 3.4.7 (in fact, the easy extension to two dimensions) that the coefficients (f, ¥,) decay
faster than every inverse power of |m|. Since the Hermite functions are uniformly bounded, it follows that {Py f(x)} is
uniformly Cauchy in x. The uniform convergence of Py f to f follows. Writing z = x + iy, we have

—lzP/2

Hg = Cl(span{e*‘z‘z/ zp(x, y) : polynomials p}) = Cl(spanfe p(z,7) : polynomials p}).

Since each compactly supported function can be uniformly approximated by a smooth one, it follows that C.(C) c H.
The result in the hint now implies that H; = L?(u). Hence, we may extend the argument above to conclude that
exp(—lAI2 /2)v is a star-cyclic vector for A.

The first part of the multiplication operator version of the spectral theorem is standard, and the construction of the
isomorphism is clear. For the second part, we first pick a vector v € D(A*A?) for all k, [ € Z(. Using the above, we
can produce a star-cyclic vector for Cl(span{y(S)v : Borel subset S c C}), which is a reducing subspace for H. We
continue this process inductively to obtain the direct sum.

Exercise 4.4

Suppose that (4, — 7o)~ &, (A —2z0D)~! for some z5 € C\R. Following the hint, if |7 — zo| < [Im(zo)| then, by summing
a geometric series,

D= 20 (A - 2y P = (A -2y,
k=0
We can apply a similar argument to A, to arrive at

00

A=2D)'P = (A =2 'Py = Y@= 20 [(A =2 * VP = (4, =2 P, | (10)
k=0
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The tail of the series is uniformly bounded as we increase n since

(A = 20Dy 0P — (A4, = 20 VP, || < [|A = 2007 V]| + [|(A = 207 V]| < 2/Im(zo) .

Since each of the terms in the sum on the right-hand side of (10) converges strongly to zero, we must have (A, —zI)~! LiN
(A —zI)~" as n — co. This argument gives convergence for all z whose imaginary part has the same sign as that of z;.

It remains to show that convergence holds for Zy. To that end, we note that (A, — zoI)™! &, (A — zo)~'. Upon taking
adjoints and inner products, we see that (A, — ZoI)~! &, (A — ZoD)™'. Moreover, from normality, we have that

I(An = Z0D) ™' Puvll = 1A, — 20D ' Povll = II(A = 20D)' PVl = (A = ZoD)~'Pyl Vv e K.
Hence, (A, - 200" %5 (A — D).

Exercise 4.5
We first note that ||[Ax|| < ||A|| < 1, and, hence, Sp(Ay) C [—1, 1]. We have

f Y dun, () = (AKv, ).
R

Since v, Av € ran(Py, ), we have Ayv = Av. Iterating, we have A’;\,v = A*v for k € Zsg. So

(AKv,vy = (AR, vy = f Yo du, (v).
R
Let ¢ : [-1,1] — R be Lipschitz with ||$||co1-1,17) < 1. Let € > 0 and take p € Py such that

n
- oo([— < —+e€.
l¢ = plle-1,17) < XN+ D) €

We have fR () duy.,(y) = fR p(y) du,(y) from the first part. Hence,

fR () d(unzy = m)(y) = L () = p() Ay = p)(y)

and so

2
7||v
[IvI] 2l =

[ 20 dtu =209 — T

Taking the supremum over ¢ and then € arbitrarily small, we have dpr- (4, Unyy) < 757+

+ 2e€.

< lg = pllz=q=1,1 Ul + el <

Exercise 4.6

Since ¢ is smooth and compactly supported, it is @-Lipschitz for all 0 < @ < 1. We define the measure u(S) = fs ¢da,
which has Radon-Nikodym derivative ¢. Note that the proof of Theorem 4.3.15 does not really rely on u, being the
spectral measure of an operator, it just relies on convergence of particular integrals, so we are granted that:

Lf du(x) _f du(x) ~ bxy)
2ri \Jgr x — (xo + i€) R X — (xo —i€) 0

for each xy € R. The constant C in the proof of Theorem 4.3.15 depends only on the Lipschitz and supremum bounds
of ¢ (which can be taken to be uniform) and the interval length 7, so can be taken independent of x.
Now suppose that ¢ is supported in [a, b]. We have

f du() fb du(x)
rXx—(xoxie)  J, x—(xxie)

It is enough to show that we can approximate each of these integrals uniformly in xy using Riemann sums. We deal
with the case of ‘+’ in the denominator. We note that x — 1/(x — xo + i€) is Lipschitz and its derivative is bounded

< Ce'?
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above by c¢/€* for some constant c. In particular, the functions f;,(x) = ¢(x)/(x — xo + i€) have a first derivative that is
bounded independently of xy. Hence, given 6 > 0, for sufficiently large n (independent of xy) we have

|fo(a+ k(b —a)/n) — fr, ()| < &

forally € [a + (k— 1)(b — a)/n,a + k(b — a)/n]. Integrating over this interval we have

b-a)fya+ib-a) ok b - a)s
“ -[ FoO)dy| < .
n a+(k—=1)(b—a)/n n
Summing over k, we obtain
b-—a v k b
D folat=t-a)|- | f,0)dy|<®-ap.
n n a

This holds uniformly in xg, so we have proved the first statement in the exercise. For the final part, we note that each
continuous function that vanishes at infinity can be uniformly approximated by smooth compactly supported functions.

Exercise 4.7

Using Stone’s formula, we have for all intervals I C (a,b) that u,(I) < %Il |. It follows that this bound holds with 1
replaced by any Borel set S C (a, b). The results now easily follow.

Exercise 4.8

Let p(x) = x°—xand let each function p,;l ,k = 1,2, be abranch of the inverse of p(x) with domain [-2 V3 /9, 2 V3 /9] =
p([-1, 1]). For n € Z(, a change of variables 1 = p(x) shows that

1 _ 2
(A"f,g) = f ][P(X)]nf (Vg(x)dx = f A" Z
- p

-1 -1
Fp (D)gp; u))] w
(L1 4o

Ip" (P! (V)]

Since moments determine a measure on a bounded interval, this shows that uy,. is absolutely continuous with Radon—
Nikodym derivative

F (Degp (D)
P (' (D)

2

pra) =)

k=1

] for almost every A€ Sp(A) = p([-1, 1]).

Exercise 4.9

Let z € C\ R. Working in the Fourier domain, we see that
A=z f.g) = f (67K — 2! fR(R) dk = f (67K — 2! f—hR dk + f (167K — 2! F(0R(R) di.

R 0 0
We now perform a change of variables 1 = 167*k* to see that

) -
> ] R A4 Al
A-zl)'fg) = —— -2 fl-1) =g (1) =—]da.
(A-zD7'f.g) ,z;fo =9 f(( Y- )g(( ) ZH)

Since a finite measure on R is determined by its integration against rational functions with simple poles in the complex
plane, p1y,, is absolutely continuous with Radon—Nikodym derivative

51, A4 /4
Preg(d) = Z Wf((—l)fﬁ)g ((—1)1 E) for almost every A€ Sp(A) = [0, ).
j=1
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Exercise 4.10

Let f : R — C be a bounded continuous function. Then

() 1 €f()
fR FOOUE) dy = ~ f fR = fR fR S dx )

where the second equality follows from Fubini’s theorem. It is not immediately clear that we can apply the dominated
convergence theorem. We first make a substitution of etanu = x — y (that is, u = arctan( 7). Then we have:

fﬂdx f(y+etanu)du
R -3

€+ (x—y)?

Taking € | 0, using the dominated convergence theorem and the continuity of f we obtain:

[ e [ rodu=sfon

€+ (x—y)?

Since

< 7llflleo

z
f(y+ etanu)du
-3

we can apply dominated convergence theorem once more to obtain

f () i
tim~ [ [ 0 arduo = [ 10)dn0)

Since f was arbitrary, u$ converges weakly to u, as € | 0.

Exercise 4.11

The first part follows from the proof of Theorem 4.4.4. For the second part (optimality of the convergence bound),
consider the case that p,(y) = |y| for [y| < 1 and p,(y) = O for [y| > 1. Then

1 (' eyl 2¢ (Ve ¢ €
€0) = = dy=— dt = —log(l + 1/€).
#(0) nj:162+y2y 7w Jo 142 nOg( /€)

This integral is bounded below by a constant multiplied by € log(1/¢€) as € | 0. This shows the optimality. For the final
part, assume that p, € C*(Z). We follow the proof of Theorem 4.3.15. However, we now write 7¢ = [-1, 7] and

(x0) - f<x>—1f T +1f Erel _f e
Pl =m0 =2 | Y L@ YT L e v

_ f P1(x0) = p1(xo — y) f p1(x0) = p1(xo — y) dy— f edul’ ()
To € +y? R\Z, € +y? R €+ (X0 —y)*

We can show that the size of the second and third integrals on the right-hand side are O(¢€) as before. For the first
integral, we have

1
p1(x0) — p1(x0 — y) = p)(x0)y — Ep'{(fy)yz

for some &, with |£, — x| < y. Due to the fact that the Poisson kernel is even, we have

€ [ pi(xo) = p1(xo —y) llo} llo €y’
pu 2.2 dy| < o
nJr, €ty 2r g €€ +Y

This final integral is O(e). To see why this is sharp, we can simply take a constant function on J and bound the tail of
the integral of the Poisson kernel.
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Exercise 4.12

‘We prove the result by induction. Suppose that it is true for ,uﬁ’k . We let {a’}*_, and {a;.}’jle be the corresponding poles

Jlj=1
and coefficients (using the notation of Chapter 4). Let {a J‘}I;'S and {« j}’j‘.ﬂ be the corresponding poles and coefficients

for . We may order these so that

i ko
ay = — ay = ——a,
ck’ ck—1!
1 , Ck ’ 1 ’
ck-1 r ck—1"2 k-1l
k
ay = a, ay = £ a;
k—1° ck 1 k k_ 1 k—1°
akl—a’ akl——;a'
+1 = +1 = .
k> Ck _ 1 k
: k ’ _
Since ZFI a = 1, we have
k+1
Y= -
;= — =
e R
J=1
In a similar fashion, let / € N with [/ < k. Then
k+1 k X k
) _ Y ’r_ 71l 1 ’
Z“;“J—Z“jck_l i= D)) F_1Y
j=1 j=1 j=1

We note that ag = [a}]’/c’ for j=1,...,k It follows that
k+1 k—1 k
T N o

If I < k, then the sum on the right-hand side is zero by our inductive hypothesis. If [ = &, then the term in square brackets
vanishes. We can perform a similar inductive argument for the poles in the lower half-plane and their coefficients. It
follows that the Vandermonde system required for a high-order rational kernel is satisfied.

Exercise 4.13

The result boils down to showing that |K(x)| = O(|x]=*2)) as |x] — oo since then all the logarithmic error terms vanish
in the analysis. From the analysis in Section 4.4.2 of the book, we see that this holds if

m m

m _ A
E a;d} = E B;b}.
J=1 J=1

Since a; = B and a; = b;, we are done if we can show that ¥, @;a” is real. By construction, we have

Ampi1-j = Aj,  Apyl-j = —d;j.

Hence,
m/2 m/2 m/2

m __ m __ m
E @;d; —Za’mﬂ—j(_amﬂ—j) = E U=y o
j=1 j=1 j=1

where the final equality holds since m is even. It follows that ZTZI a;a’; is real.
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Exercise 4.14

Applying Fubini’s theorem, we see that

f "k &l f f ’ m [ =i Y |arde),
* xX)dx = — X
p 27 Jspa) A—(x—eaj) - (x —eay)

To establish the theorem, we take the limit € — 0 and apply the dominated convergence theorem to interchange the
limit and the outer integral. This is permissible due to the decay condition of the kernel. We claim that, as € — 0, the
inner integral converges to —2zi when A € (a,b), 0 when A ¢ [a, b], and (—2ni)c; or —(2mi)c, when A = aor A = b,
respectively. We compute the inner integral directly by integrating the sum term by term, so that

b m = m
fa [/l (x_eaj) _(jj_a_lj)}dxzZ;[&jlog(/l—(x—ec’l,-))—ajlog(/l—(x—eaj))“z.

Jj=

Using the identity log(z) = log|z] + i arg(z) to simplify, we find that the right-hand side is equal to
23" (Im(a) [logld = b + ea;| - log |1 - a + €ajl| - iRe(e)) [arg(d — b + ea)) —arg(d —a + eap)]). (1)
j=1

To calculate the limit, note that 3)"; @; = 1. In particular, 3", Re(e;) = 1 and 3., Im(@;) = 0. Then, the right-hand
terms involving arg evaluate to

T, a<A<b,

= m Re(a ;) — ), A=a,
hmz RC(O/]‘) [arg(/l - b+ 6(1,') —arg(d—a+ E(l,‘)] = ZZn:l C(Cl'j)(ﬂ' arg(dj)) a (12)
=0 = ' ‘ ZFI Re(a;)arg(a;), A=b,
0, otherwise.
On the other hand, the left-hand terms involving logarithms vanish when A # a and A # b, that is,
lim Z; Im(e)) [log |2 - b + €a;| — log |1 — a + eajl| = [log|d - b| - log |1 - al] Zl Im(a;) = 0. (13)
= Jj=
Finally, when A = b we expand log |ea;| = log|e| + log |a;| and perform a similar calculation to obtain
lim Z Im(a;) [loglea,| - log b — a + ea,l| = Z Im(a;) log laj]. (14)

j=1

We omit the analogous calculation for A = a, which only differs by a minus sign. Collecting the results in (11), (12),
(13) and (14) establishes the first part of the proposition.

For the second part of the proposition, suppose that the poles are symmetric about the imaginary axis. This
symmetry implies that Im(a,,+1-;) = —Im(c;) and log|a;| = log|a,,1-;|. Therefore, the logarithmic terms in ¢; and ¢,

vanish because
Lm/2]

Z Im(a) log la;| = Z (Im(e;) log la| + Im(@ys1-)) 10g lam1j1) =

Furthermore, the pole symmetries a,,.1—; = —a; imply that arg(a,,+1-;) = 7 — arg(a;), while the residue symmetries
also imply that Re(a,,+1-;) = Re(a;). Therefore, we find that

= ZRe(a,) 7 - arg(a))) = ZRe(a,)arg(a,) =c,. (15)

Jj= J=1

Now, observe that Re(a) arg(a;) + Re(@+1-;) arg(an+1-;) = nRe(a;). For even m, we calculate that

m m/2 m/2
D Re(ej)arg(a) = ) (Re(a)arg(a;) + Re(@pmi1-) arg(ans1-)) = 7 ) Re(a)) = 5 (16)
j=1 j=1 j=1
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m/2

The last equality follows from the fact that 2 ;" Re(e;) = }.""; Re(e;) = 1 when m is even. Analogously for odd m,

: j=1 J=
we obtain
m T lm/2] .
ZRe(aj) arg(a;) = FRe(@) + 7 Z Re(a)) = 3. (17)
j=1 j=1

Here, we have used that Re(ag,a) + 2 zyj{” Re(a;) = 3 Re(;) = 1 when m is odd. Plugging (16) and (17)
into (15) demonstrates that ¢; = ¢, = 1/2, which concludes the proof.

Exercise 4.15

Let x € R be closer to the A than the rest of the spectrum. We first write

@) [ € du,()
S

vE(x) = ——22 — =
o) €+ (x — A)? sy €+ (x—y)?

When we differentiate with respect to x, the derivative of the second term is O(€?) as Ais separated from the rest of the
spectrum. Differentiating the first term gives the required result.

Exercise 4.16

This is self-explanatory and no answer is needed. The code for the examples in the chapter can be found in the
repository.
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5 Chapter 5

Exercise 5.1

Let
N N
Vv = Zvjej’ w = ZWj@j.
=N =N

To compute the spectral measure &, ,,, we compute Fourier coefficients

N N N
1

. 1 1 1
—inf _ n — § g wile: = E Wr
7 f[\_mﬂ]pere dé:v,w(e) - 27T<V,A W> - o V]Wk<ej7 ek—n) - I Vi-nWk»

j=—Nk=—-N k=—N

&, (n) =

where we set v,, = 0 if |[m| > N. It is clear that these coefficients vanish for sufficiently large |n|. Hence, &,,, is
absolutely continuous and its Radon—Nikodym derivative is the trigonometric polynomial

N

1 0

—| in
[E Z vk_nwk]e .
|n|<2N k=—N

Exercise 5.2
Let A € Q be unitary. Then A*A = AA* = [ and, hence, we have

A-zD"A-zD) =1+ [z -7A - zA*, (A—zD(A—zD)* = (1 + 7)) —7A — zA™.

It follows that operator folding can be performed given access to only the matrix elements of A. (Given A € Qy, we can
also evaluate, using A, an A-dependent function f : N — N pointwise such that A € Q.) The techniques of Chapter 3
can be applied (a unitary operator is normal so we can take g,,(x) = x) to see that {Sp, Qu, My, A} € E{‘.

Exercise 5.3

Consider H = ¢>(N) and let A be defined by Ae ; = ejy1. Then A is an isometry but, AA*e; = 0, so A is not unitary.

Now suppose that A is an isometry but not unitary. Then 0 € Sp(A) and Sp(A) c {z € C : |z] < 1}. Suppose for
a contradiction that Sp(A4) # {z € C : |z] < 1}. Then there must exist some A € dSp(A) C Sp,p(A) with [4] < 1. In
particular, oip¢(A — AI) = 0. But for every vector x with ||x|| = 1, we have

l(A = ADx| = [|Ax|[ =[] = |lxll = |4 = T =],

which is a contradiction.
Suppose now that A € Qjs,. If A is unitary, oj(A*) = 1, otherwise ojy(A*) = 0. There exists an arithmetic tower

% Y using A such that

na,ny
lim lim T , (A) = oinr(A").
Np—00 N —00 ’
Moreover, we can ensure that the final limit is from above and that the first limit is eventually constant for each fixed
ny. This uses the machinery of rectangular truncations in Chapter 3. Let {Fff } be the 2/1* tower for {Sp, Qu, My, A}
from the previous exercise. We then set, for A € Qjg,,
F;Z(Al if 1"22’,” (A) > 1/2,
{zeC: |zl <1}, otherwise.

Ly (A) = {

The fact that ng,n ((A) is constant for large n; (for each fixed n,) ensures that

lim I, (A) =

ny—oo

Y (A), if 19 (4) > 1/2,
{zeC: |zl <1}, otherwise.

Hence, {I',, », } provides a Zg‘ -tower for {Sp, Qiso, Mu, A}.
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Suppose for a contradiction that {I',,} is a AZG—tower for {Sp, Qis0, Mu, A}. We let Q' = {0, 1}V and let A’ be the set
of component-wise evaluations. Let Z(a) = 1 if a = {a j};’il € ) has infinitely many 1’s and E(a) = 0 otherwise. We
have {E,Q/,[0,1],A’} ¢ Ag. Given a € ', we construct a matrix

0 1
A(a)z@c,j, C, = lelele’
=1
1 0

where C, is taken to be the corresponding unilateral shift and we choose [; to be double the gap (in indices) between
the jth and (j + 1)th 1’s in the sequence a (where we extend to ap = 1), and take [; = oo for j > k if there are only k 1’s
in the sequence a. In this case, A(a) € Qjs, and is unitary if and only if =(a) = 1. We can now construct the embedding
and contradiction by setting

[ (a) = 1 —max{1l — dist(I',(A(a)), 0), 0}

and arguing in the usual way.
Finally, for the class Q;s, N Q2f, we can replace {l"gz’n .} by a corresponding I14-tower by taking f(n;) X n; truncations
of matrices. This adaptation yields a Z/]*-tower.

Exercise 5.4

We first note that, by Fubini’s theorem and using a tangent half-angle substitution,

b- o
1 [tan1 (%] — tan™! (%] d&(p),

b
RS f Fs((1+¢e)7'e?) = Fs((1 + e)e?) do = f
47T a [

_”sﬂ]pcr n

where r = (1 + €)~'. The proof now follows the self-adjoint case (see the proof of Theorem 4.3.1).

Exercise 5.5

Let f be a continuous function on [~7, ]yer and r = (1 + €)~!. Then, by Fubini’s theorem,

. _ 1 (1-r3)f(®)
”f[‘_’m]per f(e)gl(e) 0= ﬂ f[;n,n]pe, [~ per 1+r2-2r cos(6 — ¢) d6 Az, ()-

We now make the substitution (motivated by Exercise 5.4) u = 2tan~!( %lr tan(e_T‘p)) to see that

(1= A)f(0) 0 (1= qu
f[_m]per 1+7r2—2rcos(f—¢) d0= I,, f(go +2tn (1 +r tan (5))) du.

We may use the continuity of f and the dominated convergence theorem to see that this integral converges to 2 f(¢)
as € | 0. The proof now follows the self-adjoint case.

Exercise 5.6

The proofs go through by using convolutions with the Poisson kernel for the unit disc instead of the half-plane.

Exercise 5.7

Proof of Theorem 5.4.9. Taking P4, = 0 in the case that €% is not an eigenvalue,

(KT % E1(00)P,av = K (0 — ) dE@)P jav = P g v.

KE‘(O) KET(O) [=7, 7 per
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It follows that we can define

’ 1 T 1 T
Ve = XT0) [KC = El(Oo)v — Pav = X°0) (K. * EBo)(v — Py V).
From the functional calculus, we have
IKZ(00 - o)
el = f SR gy (@), as8)
(=77 per |KZT(O)|2 B

The concentration bound in the definition of a high-order periodic kernel and the condition liminf o eIKZF(O)I >0
imply that
Ko -o)f 1 1
K20 ™ eIKIO)P (1 + 160 — ¢l/€)*m*>
is uniformly bounded and converges to zero as € | 0 whenever ¢ # 6. Since &,_p wov({ao}) = 0, we can apply the

e

dominated convergence theorem to the right-hand side of (18) to see that lim¢ ||vg||2 = 0, which proves the result. O

Proof of Theorem 5.4.10. Using the functional calculus, we have
(A -é%Nu, = [ f (€% — ™K (0 — @) dE(@) | v.
[_”ﬂ]per
This implies that
- nu? = [ e - PRI - F deute)
(=77 per

Similarly, we have

P = f[ IKEG o i)
7, per

Suppose that en < ¢ and let

2
Iy = f |K?(eo—¢)|2dfv(¢>z(inf e|KE’(0)|) = f 1dé,(¢).
0o—pl<6 Iot<re € Jigy

—pl<ne

The two bounds in the statement of the theorem imply that liminf,;o /5 > 0. We have

f |ei¢—ei"°|2|K3(eo—¢>|2d§v(¢>s(supu—ei"|2)16+ f e — PIKE (60 — oI ()
[T per lol<o [6o—¢l>6

<@l [ 1= PRI - o st
[60—¢l>6
Using the concentration condition in the definition of a high-order periodic kernel, we see that

lim e — €M PIKS (B0 — @) déi() = 0.
€l0 Jigy—gl>6
Similarly, we have

f[ K- P ) 2 L - f KT (60— o) &)

[o—¢l>6
and
lim IKZ (60 = @) déi() = 0.
€l0 Jigy—gl>6
Hence,
et Slot [y le? - e PIK G - o dEe)
hmsupwshmsup I T =0".
elo e €lo 5= Joysios [KE (B0 = )P dE(p)
Since ¢ > 0 was arbitrary, the result now follows. m}
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Exercise 5.8

Throughout this solution, we use the substitution x = tan(6/2). Using this substitution, we see that

fﬁ K'(6)do = fw K.(x)dx = 1.

1-ix

We have

—2. t = s
exp( 1 tan (x)) ] .
ar ld hellce

1 —ix\"
exp(=2intan~!(x)) - 1 = ( 1x) - 1.
1+ix
It follows that

00

f ”KE(H)e‘i”HdG—lz f ) K. (x)[exp(=2intan~'(x)) — 1]dx = f K.(x)

—00

( ”“) —1]dx:[1<e*¢](0>,

1+ix

where (taking care of the argument —x in the convolution)

¢<x)=(:f?x) “1

1x

Since ¢ is smooth and with ¢(0) = 0, the pointwise convergence rate of mth order kernels for R implies that
‘ f KL (@)e " dg — 1' = O(e" log(1 + €M)).

For the concentration inequality, we have from the decay condition of K that (for some constant C):

( )(1+'tan(§>|/€) ( )(6+‘tan(§)|)

For |0 < 1, this bound is bounded by C;€"/(e + |0))™*! for some constant C;. For |6 > 1, it is bounded by some
constant C; (since € < 1). It follows that

C3€m
T
|K€ (9)| < (E + |9|)m+1

for some constant Cj that is independent of € and 6.
Now suppose that K is of the rational form in the last part of the exercise. Then

1{fi(e7 1) Bj
Ko=) v ) =
—i i(e~if— 1) i(e1?-1)
2\ (e +1) 2mi S € e - €b;
2 m
1 [( i(e” 1)) 1 a; B
== Je+1/e Z —
_lg i(eif—1 i(e10—1
2 (6 ) 271-1 j=1 ((efiﬁ_'_l))/e —daj ((efiz-l_*_l))/G - b]
1 m s -0 1 a; e A 1 .
= Z“"/% + 1/6] i(e'—1) p B [bfl(eie 1) +1/e i(e_m_f’ ]
(= @+ @) /€74 @+ @ /€~ bj
where the final equality uses the equation referenced from Chapter 4. We then note that
1 [ (e -1 aj 1 -i6 s ,—i0 @
— (le+1/E T:_[EQJ(E —1)—1(6 +1)] S _ 0
4gi (e +1) (((g_mﬂ)))/e_aj 4r i(e 1) —eaj(e®+1)

- i(e™?+1) - eaj(e‘i" -1
A (e — 1) —eaj(e? + 1)

_ig , itea;
—a; € i—ea;

A e-i0 i+ea;
i—ea;

42



We can perform the same steps with b; and §; replacing a; and a; to see that the expression in the statement of the

exercise holds. It follows that
a1+ €a; L1+ €eb;
(a/ng(ela, ])_ﬁjFS(elg. J))
1—ea; i—e€b;

-1
4r

M=

[kZ+&|©) =

J

I
—_

Exercise 5.9

We start with the periodic summation of the Poisson kernel (for the upper half-plane):

€ 1 1 © 1 1 1 6 — i€ 0+ ie
K,O=) -~ =— - = 71— |cot - cot :
e Zns2+(9+27m)2 27rinzz_:m(0+2ﬂn—ie 9+27rn+ie) 4z CO( 2 ) CO( 2 )

n=—oo

We then define inductively:
FK(0) = K, (6)
k-1 ’
where ¢ > 1. These kernels can be written explicitly in terms of the cot function. Periodic summation and this form

of extrapolation commute, and, hence, we see that ng is the periodic sum of the corresponding kth order kernel (for
R) in Exercise 4.12.

KeT,kH(e) =

Exercise 5.10

Define the filter function )
o) = (1 = |x]) cos(x) + 0D
g

then it is easily checked that this is a second-order filter. Letting N = |e™!], the kernel associated with the Jackson
factors can be written as a sum of the second-order kernel generated by this filter and a remainder:

N N
1 n\ i 1 (cot(nr/N) 1 LA™
(ﬂ ZN(T(N)e ]+ Z‘[(—N - ;) ZNSIH(Nﬂ)e
1 ny ) 1 [cottr/N) 1\ . (= cos? (42)
“|2x Z ‘T(ﬁ)e w\T N Tz Sm(ﬁ) in (2580 gin (2=N¢)
= sm( N )sm( N )
Let
1 (cottx/N) 1\ . (= cos? (42)
h(6) = wm\" N x sm(—) T+NO\ i (7=NO
4 Tt sm( - )sm( o )
Then f_’; hy(0)do = 0. Moreover, as N — oo,
a : t(r/N 1
’ f hN(Q)e“”"dG‘ _ (™ ) g (M 2 oguv),
r N T N

Finally, we have
CN™?
(N~ +16)3”

for some constant C. It follows that the kernel associated with the Jackson factors is a second-order kernel.

lhn ()] <
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No kernel Jackson
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Vandeven 4 Bump
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15 1 15

0r 1 0r

I oS = B N

Exercise 5.11

Code for this exercise can be found in “ex5_11.m” in the repository We revisit the graphene operator and set ® = 1/4.
We rescale the operator so its spectrum lies in [—1, 1] by approximating the largest eigenvalue of a truncation. The
following figure shows the approximations of y,, (the Legendre series) with no filter and various filters at N = 1000.
For the Vandeven 4 and bump filters, we have plotted the maximum of the approximations and zero. The severe Gibbs
oscillations with no filter are clearly visible.

The figure also shows the pointwise errors at xo = 0 and xo = 0.12. The measure is not smooth at xo = 0, and all
filtered methods converge at the same rate. In contrast, at xy = 0.12, the convergence rate follows the order of the filter.
The sum with no filter diverges at both points as N — co.

- O Ty = 0 ].2
0 10°

— No kernel

— Jackson
107t ~- ---Vandeven 4

1072 \) lru
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6 Chapter 6

Exercise 6.1

Suppose that A acts on the Hilbert space #;. For o € {ac, sc, pp, ¢, s}, write H;, and H,, for the o components of H;
with respect to A and H = eaj H; with respect to A, respectively. Let &4 be the projection-valued spectral measure
associated with A and &, the projection-valued spectral measures associated with A .

For z € C\ Sp(A) and ¢ = (¢;) € H, we can write (using the functional calculus)

(A-zD)"p.9) = Z«A — ) ¢,,¢,>—Z f - dyag ()

where y(’)(U) =(&4,(U)¢;, ). Then we have

f —— (D) = f —d[Zu(”](/l).
)

Since a finite positive Borel measure on R is determined by its Borel transform, we have uy = >;% j=1 Mg, -

If uy is absolutely continuous, then for each Lebesgue null A C R, we have )7 =1 ,u(’)(A) = 0. Therefore,

(j) (A) = 0 for each j and so each ,u(]) is absolutely continuous. Conversely, if each ,u(])

then > =1 y(j)(A) = 0 for each Lebesgue null A ¢ R. Hence, ¢ € H, if and only if ¢; € H,. for each j and so
Hye = ea W ac-
Now suppose that u4 is singular continuous, then there exists a Lebesgue null set B such that u4(R \ B) = 0 and we

have p4({x}) = O for each x € R. Then as above, we have ,u(J)(R \ B) = 0 and u(’)({ }) = 0, and so each p(’) is singular
o

is absolutely continuous,

continuous. Conversely, if Ky,
and ug is concentrated there. So Hg is singular continuous. So ¢ € H, if and only if ¢; € H . for each j. Hence,
Wsc = @ 7{] sce

By takmg orthogonal complements, we also have Hy, = &%, Hjpp. It now follows that H, = &3, Hjs and
H. = ®;1Wj,c~

It follows that

is concentrated on the Lebesgue null B; for each j, then B = U;B; is Lebesgue null

SP.(A) = Sp(P.AP.") = Sp [EB PEJ’A,P?*] = C1(U;Sp, (P4 PY")) = CI(U;Sp,(A))).
Jj=1

Exercise 6.2

Take a discrete Schrodinger operator A; on ¢2(Z) with purely singular continuous spectrum equal to [-3,3]. Then
A1 /3 has purely singular continuous spectrum on [—1, 1]. Let Hy be the free discrete Schrédinger operator with zero
potential, then A, = Hy/2 has purely absolutely continuous spectrum equal to [—1, 1]. Let {x,},cz be a dense sequence
in [-1, 1]. Define the diagonal operator [A3];; = x; on £2(Z). Then As has pure point spectrum equal to [—1, 1]. Then
A = A|®A,®A3, by the previous exercise, is such that Sp(A) = Sp,.(A) = Sp,.(A) = Sppp(A) = [-1, 1]. Wecanrepresent
A as abanded operator on 2(Z) by interlacing. Thatis, let {e;k)} jez be copies of the canonical basis vectors fork = 1,2, 3,

. . k . .
where A, acts on H with basis {e& )}jeZ- We then consider the ordering .. ., el_l s e%l s eil, e(l), e(z), e(3), e}, e%, e?, e

Exercise 6.3

By the theorem stated in the exercise, for every U € U,

EIU) = IPEUMIP = PuA YU (AW (19)

—00 K—o00
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Using property Ry, and the results on computing the functional calculus for unitary operators, there exist arithmetic
algorithms I',,, ,, using A such that

8 2 1r e . i CA,v,U)
1, (A, v, U DI = I = P Py A xu (A |s—n1 V(A,v,U) € QX Uper, k €N,

na

where C(A, v, U) is a constant that may depend on A, v and U but not on ny,n, or k. Then define

1 !

— T 2

P (A0, U) = 5 1; E .y (A, v, U, K
_—n]

Then
1 ! 1 4 C(A,v,U)
Cpon (A, v, U) — I - P P)A Y (AW <
(A0 ) = 5 +1k_z I =5, P o P| < 5 -
=—np =—n;

which tends to 0 as n; — co. The result then follows by taking the limit n, — co and using (19); the IT) rather than A%
classification follows as the #,, are increasing.

Exercise 6.4
Recall that
1 4 .
£5(6y) = —5-Re (A= +ee™n™v, (A" + (1 + e ™)),

which can be computed using the resolvent. Also, for almost every ¢ € [—7, Tlper, limeyo &5(¢) = py (@), for p, the
Radon-Nikodym derivative of £*°. We want to compute

£ = fU pu(e) de.

Let (A,v,U) € Q x Up,. Then we have access to an at most countable disjoint union U = U, (a,,(U), b,(U)) with
am(U), by (U) € [—m, mlper; from this, we can construct a sequence {g,, };‘::1 of non-negative, continuous, piecewise
affine functions on [, 7]pe, bounded by 1 such that g, (¢) T xu(¢) as ny — oo for all ¢ € [-m, m]per. We can
also construct a sequence {f,, };‘;:1 of non-negative, continuous, piecewise affine functions on R, bounded by 1 and of
compact support, such that f,,(x) T 1 as n, — oo for all x € R. Let

Inam1) = f (@M (@) fn (€17 () de.

As [-m, lper is compact, gy, (¢) is bounded by 1 for all ¢ and f,, has compact support, the integrand is uniformly
bounded in n; for each fixed n,. Then as fﬂ,/ "(¢) converges pointwise almost everywhere to p,(¢), gx, (¢) converges
pointwise to yy(¢) and f,, is continuous, by the dominated convergence theorem,

lim I(ny,n)) = fU 0v(@) fu, (0v()) dep.

nj—oo

Then as the f,, are increasing and bounded by 1, using the dominated convergence theorem again we get that

lim lim I(l’lz,nl) = fpv(ga) ng — é_‘iaC)(U)
U

Ny —00 ] —00

with the convergence monotonic from below. To finish the proof, note that /(n,, n;) can be approximated to accuracy
O(1/ny) using A together with the arguments from the unitary analogue of Theorem 4.3.11.
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Exercise 6.5

Throughout, we consider the self-adjoint case and assume the requirements of Theorem 6.2.1. The unitary case is dealt
with analogously.

Lower bounds: We begin by adapting the proof of Theorem 6.2.2 for the pure point spectrum. It suffices to consider
a fixed vector e¢;. Suppose for a contradiction that there exists a sequence of general algorithms, {I',}, using A such

that, for all A € Qpg, I',(A) converges weakly to ug”x, i.e., for all bounded, continuous functions ¢ : R — C,

lim f $() A, (A)() = f () du™) (7).
n—oo R R
In particular, if we take ¢ = 1 the constant function, then the above says that
lim T, (A)R) = P (R).

From here the proof follows exactly as in the book, replacing (—4,4) with R.

Next we consider the absolutely continuous spectrum using Theorem 6.2.4; the singular continuous spectrum
follows an almost identical argument. As before, we assume that there exists a sequence of general algorithms, {I',},
using A, such that for all A € Qpg and for all bounded, continuous functions ¢ : R — C,

lim | ¢()dTu(A))) = f $O) d [ + S| ).
n—oo R R
Then choosing ¢ = 1 the constant function, we have that

lim Ty(A)R) = gy (R) + ) (R).

From here, the rest of the proof is identical, replacing (-2, 2) with R.
Upper bounds: Let o = ac or pp, a € {—-o0} UR, and b € R with b > a. If o = ac, then 1{”((a, b)) = 1{”((a, b]) as

the Lebesgue measure of singletons is zero. If ¢ = pp, then there exists a height-one arithmetic tower for computing

/15,0 )({b}), which we can subtract from the Eg‘-tower for /,t(f)((a, b)). It follows that, in either case, there is a Eg‘-tower for

computing yio)((a, b]). We let f1,, », be the two limit algorithm that realises the 22A convergence:

lim Hm Q. ((a,b]) = 1 (a, b)). (20)

Nny—00 n;—o0

We now consider a sequence of partitions of the real line as follows. Let {x;};av be a dense sequence in R. Given an
integer n € N, we let {d,,1, ..., dn+1) be a rearrangement of {xj}?;’]' suchthatd,; < d,» < -+ < dy,+1. We then define
the partition P, as

P, = {(~00, dn,l]’ (dn,l ,dn,Z]’ cees (dn,rH—l ,00)}.

For ny,ny, k € N, we define the measure
k
Hinsiny = By (=00, A1 DOy, + D finy g (s i 11
=1
with corresponding cumulative distribution function
F]/(’nz’n] (x) = /J],(,nz,n] ((_009 x])
We now define the cumulative distribution function

_ ’
F"zﬂl(x) - lrsr}i);z Fk,nz,n](x)'

This cumulative distribution function induces a discrete measure, p,, »,, Whose support is contained in {x j}';g . As
ny — oo,y converges weakly (and setwise) to

k
Hiny = finy (=00, di i Do, + Y finy (i i jo1 s -
=1
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’

Moreover, the function F, o

i CODverges uniformly to F
. . W12,1
uniformly to the function

with F ,’mz(x) = y;’nz((—oo, x]). Hence, F,,,, converges

Fi(x) = max Fl,,(0) < (=00, x]),

where the final inequality holds due to the 2/2‘ convergence in (20). Let F(x) = ,u(f) ((=o0, x]) be the cumulative

distribution function of ,u,(,o) and let x be a continuity point of . Given € > 0, there exists y < x with F(y) > F(x) — €.
There exists some xy € (y, x). If n; > N, then

Fr(6) 2 Fiy,,, (6n) = finy (=00, dya D+ Y finy((diy o ey D

Jidn,js1<xn
As np, — oo, the quantity on the right-hand side converges to yff)((—oo, xn]) = F(xy). It follows that

liminf F,,(x) > F(xy) > F(y) > F(x) — €.

ny—00

Since € > 0 was arbitrary, we see that F,, converges pointwise to F at every continuity point of F. It follows that
lim,;, — 00 in,.n, cOnverges weakly to uw as ny — oo
We now adapt this argument to ¢ € {sc, c, s}, where instead we have a H‘;-tower for computing uff) ((a, b)):

lim lim fiy, », ((a,b]) = (@, b]). (1)

Ny —00 N} —00

‘We now define the measures
k
Hinsmy = By (it #0080y + D f n, (@i, i 1D,
j=1

and the functions
G;,nz,nl (x) = ﬂln,nl (=00, dk,l 1+ lul’c,ng,nl (=00, x]),

which are not quite cumulative distribution functions. We also define the functions
— 1 4
Gy (X) = min Gy (0)-
As n; — oo, these functions converge uniformly to

G, (x) = min f, (00, dg1]) + 1, ((—00, x]) = ) ((—e0, x]),
1<k<n, 2

where the final inequality holds due to the H/z‘ convergence in (21). Fix x € R and let € > 0. Since yS})((—oo, x]) is
right-continuous, there exists y > x with u(VO)((—OO, y]) < ,ui‘”((—oo, x]) + €. There exists some N € N with dy; € (x,)

and dy;41 <y. If np > N, then

/
Gy, (x) £ G, (dny) £ fin,((—00,dn;1]) + Zﬂnz((dN,j,dN,jH])

J=1

As n, — oo, the quantity on the right-hand side converges to {”((—o0, dy11]) < G(y) = f(_oo gl il (s). Tt follows
that
limsup G,,(x) < G(y) < G(x) + €.

ny—oco

Since € > 0 and x were arbitrary, we see that G, converges pointwise to G everywhere.
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Exercise 6.6

Let (A, v, U) € Q x Uz with

U =_J@n bw),

where a,,, b,, € R U {xoo} and the disjoint union is at most countable. Without loss of generality, we assume that the
union is over m € N. We have

lim = f SOW it o () dy = f () du ), (22)
R
for every bounded continuous function ¢ : R — C. Due to the possibility of point spectra at the endpoints a,,, b,,, we
cannot simply replace ¢ by yy in the above limit. However, this can be overcome in the following manner.

Let QU denote the boundary of U defined by U \ U and let v denote the measure Wlay. Let {fi}ien denote a
pointwise increasing sequence of continuous functions, converging everywhere up to yy, such that the support of each

f is contained in
1
[—l,l]ﬂ[U(am +1/ V1, by, — 1/%)].

m=1

Such a sequence exists (and can easily be explicitly constructed) precisely because U is open. We first claim that

.onl s
lim = fﬁ(t))([x 2 o (1) A = pP(U). (23)
—00 R

To see this, note that for each k € N, the following inequalities hold

.. .nl ..ol .
liminf — fﬁ(t)X[x:\HR,(x)\Zl](t) dr > liminf — ffk(t)X[x:\HR,(x)lzl](t) dr = ffk(t) d,uf;)(t),
I—>c0 2 R Hy JANSE) R v R

where the last equality is due to (22). Taking kK — oo and using the dominated convergence theorem yields

..ol
lim inf = f FOX g ooy () dt 2 17U,
—00 R

so we are left with proving a similar bound for the limit supremum. Note that every point in the support of f; is of
distance at least 1/ VI from @U. It follows that there exists a constant C independent of [ such that for all € supp(f;),

|HE (0] < C VI
Now let € € (0, 1). Then, for large [, [ - C Vi > (1 - €)l and hence

supp(fy) N {w = [Hy (w)| = 1} € supp(f)) N {w : [H; _,(w)l = (1 - e)l}. (24)

Now let f be a bounded continuous function such that f > yy. Then using (24),

nl e)l
lim sup 2 ) JIOX (e, (o () di < lim sup - fﬁ(f)X{x;\HE,,v(x)|z(1—e)z}(l) dr

[—>00 >0

1 7r(1 —e)l
T ff(t)X{x:\HE,,V(x)Iz(1—6)1}(t) dr
— € R v

< lim sup

>0

1 S S
:TéfRf(t)d[,u(v)—v()](t).

Now we let f | 77, with pointwise convergence everywhere. This is possible since the complement of U is open. By
the dominated convergence theorem, and since € was arbitrary, this yields

. nl R i
fim sup = f O g o @) dt < [ = VN0 = @2(U),
R

>0
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where the last equality follows from the definition of v. The convergence in (23) now follows.
Let y, be a sequence of non-negative continuous piecewise affine functions on R, bounded by 1 and such that
xn(®) =0ifr <n—1and y,(¢#) = 1if t > n + 1. Consider the integrals

Ion,m) = 5 f SO F () dt,
R
where F,(?) is an approximation of
;Re <((A —@+i/m)D7 "y, v))

to pointwise accuracy O@m™") over t € [-n,n]. Note that a suitable piecewise affine function f, can be constructed
using A, as can suitable y,,, and a suitable approximation function F,, can be pointwise evaluated using A. To define
f»» we may use suitable piecewise affine functions on each interval [-n,n] N (a,, + 1/ Vn, b, — 1/ /n). It follows that
there exists arithmetic algorithms I',,,,(A, v, U) using A such that

CA,v,U)

|1(n,m) = T, (A, v, U)] <
m

The dominated convergence theorem implies that

lim (A, v, U) = lim 101,m) = = f Fua(HE () dr.
m—oo m—oo R

Note that continuity of the y, is needed to gain convergence almost everywhere and prevent possible oscillations about
the level set {H}i(r) = n}. We also have that

R
Xowig, onizn+ 1) < Xa(lH,, (O < X, oyjzn-1(0-

The same arguments used to prove (23) therefore show that
lim = f FuOxa(HE (D)) dt = pD (V).
n—oo R
Hence, 1im, e, limy 00 Dam(A, v, U) = u$(U), which shows that {5, Q x Uz, R, A} € AL

Exercise 6.7
Let (A,v,U) € Q X Uper with
U= U(am» bm)

where a,,, b, € [, T]per and the disjoint union is at most countable. Without loss of generality, assume that the union
is over m € N. We have that

l
lim = KO @ 0= [ 9000

I=e0 [_ns”]pcr [_”-n]pcr

for every periodic continuous function ¢ : [-m,7]per — C. Let U = ﬁ\ U and v = &5y. Let {fi}ien denote a
pointwise increasing sequence of continuous functions, converging everywhere up to yy, such that the support of each
f; is contained in

U(am+1/«ﬁ,bm—1/«fz).

m=1

By adapting the self-adjoint case in the previous exercise, we have that

nl
lim - JiOX 17 (i=0(0) 46 = EP(U).

[—00 [=7t, 7 per
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It remains to turn this result into an arithmetic algorithm. Let y, be a sequence of non-negative continuous piecewise
affine functions on R, bounded by 1 and such that y,,(#) = 0ift < n—1 and y,(#) = 1 if t > n+ 1. Consider the integrals

Hom) = = O ON s

where F,(0) is an approximation of

1 . .
—1m(<(A +(1+ 1/méD(A - (1 + 1/m)e’ 1)1y, v))
2

to pointwise accuracy O(m~"). Note that a suitable piecewise affine function f, can be constructed using A, as can
suitable y,, and a suitable approximation function F,, can be pointwise evaluated using A. To define f,, we can define
the function by suitable piecewise affine functions on each interval (a,, + 1/ Vn, b,, — 1/ v/n). It follows that there exists
arithmetic algorithms I',, ,,,(A, v, U) using A such that

C@A,v,U)
[I(n,m) = Tpm(A, v, U)) £ ———.
Then by the dominated convergence theorem,
. . n -
lim Fn,m(A’ v, U) = lim I(n, m) = 7 fn(g))(nﬂHf(e)l)de
m—oo m—oo [_ﬂ,”]pcr oV

‘We also have that
XieHZ (ofzn+1)(0) < Xn(|H2rI:,(9)|) < Xz oizn-1)(6)

and so the same arguments as used previously show that

. nn T e
lim — Jn@xn(IH (0)DdO = &7(U).

n—eo [—7, 7 per

Hence lim,, o, limy,,—c0 [y (A, v, U) = ff,s)(U), and 5o {Eg, Q X Uper, R, A} € A/;.

Exercise 6.8

It suffices to consider the unit vector ey and U = [—n, m]per. Suppose, for a contradiction, that there exists a sequence
of general algorithms, {I',}, using A such that for all A € Qcmy,

lim T,(A) = £} (=71, lper)-

Let A; be a CMV matrix with Verblunsky coefficients K(l) =1/2form > 1 and K(l) 0 otherwise. Then &, 4, is purely

singular continuous (see Theorems quoted in exercise) and so fippzl

Iy, (A1) < 1/4; moreover, there exists N; such that I, (A1) only depends on the Verblunsky coefficients {« M | (using
the structure of CMV matrices). Now let A, be a CMV matrix whose Verblunsky coefficients are a reahsatlon of a
Bernoulli random process with equally likely outcomes 0 or 1/2, f(P P) (=70, lper) = 1, and KEZ) = Kil) for1 < j<Np;
such a CMV matrix exists as there is nonzero chance for the Verblunsky coefficients to agree at finitely many points.

Then by consistency of general algorithms, I';, (A1) = I';,(A2). However, since {-’ep%([—n, 7lper) = 1, there exists

ny > ny such that I',,,(A2) > 3/4, and N, > N; such that I',,,(A,) only depends on the Verblunsky coefficients { ;2)}N2

([=m, mlper) = 0. Hence, there exists n; such that
(1)}

1"
We repeat this process by induction; for example, we let A3 be a CMV matrix with K(3) = K(z) for1 < j< Ny k (3) =1/2

()
J

for m > mjs such that mz! > N,, and K(3 ) = 0 otherwise. Then if we define Verblunsky coeflicients «; = «;  for

1 <j<Nyand correspondmg CMYV matrix A, we see that I',,(A) cannot converge, a contradiction.
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Exercise 6.9

We deal with o = ac, and the result for o = sc follows an almost identical argument. To prove that {Z¢ ,c, Qcmv X {e, :
n € N} X Uper, R, A} ¢ Ag, we reduce a decision problem with SCI > 1 to the computation of Z,.. Let Mge. be
the space {0, 1} equipped with the discrete topology, let Q" denote the collection of all infinite sequences {a;} ey With
entries a; € {0, 1} and consider the problem function Z’ : Q" — Mge. with

=)
[l

_, 1, if {a;} has infinitely many nonzero entries,
({a;h) = )
0, otherwise.

Equip " with the set A’ of evaluation functions that evaluate {a;} component-wise. Itis easy tosee that {Z’, Q", Mgec, A’} ¢
Ag. Suppose for a contradiction that {I',} is a Ag-tower of algorithms such that

lim I',(4) = &% (-7 wlper) YA € Qeny.

For convenience, we have added a subscript A to the notation of the spectral measure. We will gain a contradiction by
using the supposed tower to solve {Z’, Q' Mgec, A’}

Given {a;}, define a CMV matrix A({a;}) Wlth Verblunsky coefficients given by «,; = a,/2 for m > 1, and

=0 0therw1se If 2({a;}) = 0, then Z, 0 |/<J|2 1 Z/ 1 |aj| < oo and so by the Theorem stated in the exercise, the

spectrum of A({a;}) is purely absolutely continuous and so 52“11( (a; l)([ 7, lper) = &ey Adta (=7, Tlper) = 1. Conversely, if

E’({a;}) = 1then by the same theorem, the spectrum of A({a;}) is purely singular continuous and so §§ac Adla; ])([ 7, 7 lper) =
0.

Now define
L if T(Ada)) < 1/2,

0, otherwise.

[,({a;) = {

Then lim,_e [ ({a ) = E(a j}) Moreover, the evaluation functions for computing matrix entries of A({a;}) can
be computed using A’. Hence {F } can be converted into a AG tower of algorithms for solving {Z", ', Mgec, A}, a
contradiction.

Exercise 6.10

This is a straightforward adaptation, where we choose the level 0 intervals in the tree to cover [~7, 7T]per.

Exercise 6.11

To prove the upper bound, let K be the Poisson kernel for the upper half plane. There is an arithmetic algorithm I" that
uses A such that

1
‘F(A jen) — —— Kl =) dpte 40 < - VA, J€om) € Qps X ZX g X I,
K(0) n

Note that, since K is positive,

€

5 fR Kl =000 a0 > Tt (DKL) = e a1

K
The results of Chapter 4 also imply that

. € _
lim s [ Kl =) 000 = 1)

To achieve H‘? convergence, we set I',(A, j) =T'(A, j, 1/n,n) + 1/n.

For the lower bound, suppose for a contradiction that {E, Qps XZ,R,A} € AIG and that {I',}} is a sequence of general
algorithms solving the problem with error control. It follows that for each j € Z, there exists a sequence of general
algorithms {I'}} such that

lim TY(A) =

n—o0o

1, ifZ@A,/)>0
0, otherwise.

52



Informally, these are described as follows. Fix j and consider the sharpest lower bound on _(A J) computed by
{T,(A, j) : m < n). If this is greater than O then set I(A) = 1, otherwise set I'.(A) = 0. It follows that I'.(A) also
converges from below. It holds that 1 € Sp(A) if and only if = (A, J) > 0 for some j € Z. Now define

T,(A) = supTi(A).

jsn

It is clear that this is a general algorithm using A. Furthermore,

lim T,,(A) =

n—oo

1, ifle Spp(A)
0, otherwise,

with convergence from below. Now we may choose a potential V such that (withA = Hy+ V) 1 € Spp(A) (this can be
achieved for example by taking a potential which induces pure point spectrum and shifting the operator accordingly).
It follows that for large n, we have I',,(A) = 1. But the computation of I',(4) is only dependent on V(}j) for |j| < N for
some N € N. Define the potential by V(j) = V(j) if |j| < N and Vo(j) = 0 otherwise. It follows by consistency of
general algorithms that I',(Hy + V) = 1. But since the potential has compact support, 1 ¢ Spp(Ho + Vp) and, hence,

F,, (Hy + Vp) = 0, the required contradiction.

Exercise 6.12

Code for the exercise can be found in “chapter6/UAM_spectral type.m” in the repository. The unitary operator codes are
simpler than their self-adjoint counterparts due to (a) not needing operator exponentials and (b) not needing quadrature
approximations of integrals over time.
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7 Chapter 7

Exercise 7.1

First, let Q = Qp, Qg N Qr N Qg or Qp N Qf and p be a fixed polynomial with at least two distinct real roots. By
Exercise 3.10, for each A € Q, we can use A to evaluate the matrix entries of p(A) to any desired accuracy in finitely
many arithmetic operations and comparisons. Hence, we can approximate ||, p(A)#,|| to within accuracy 1/n using
finitely many arithmetic operations and comparisons. Call this approximation [,(A), then T',(A) = max{[,(4) - 1/n, 0}
isa EA tower for {Z,, 2, R0, A}. Itis also clear that the problem does not lie in AG.

Now let Q = Qp N Qgy, and let I, ,, (A) be an approximation of |P,, p(PmAP,*” )P, |l to accuracy 1/n, then

lim Ty, 0, (A) = [P, p(AP; ||
np—oo

Here, we have used the fact that convergence in the strong operator topology is preserved under composition of operators
and, hence, under application of polynomials. It follows that {I’,, ,,, } is a Zg‘-tower for{Z,, Qp N Qga, Ry0, A}. Clearly,
this extends to the class Qg.

For the lower bound for Q' = Qp N Qga, we assume without loss of generality that the zeros of p are +1 and
|p(0)] > 1 (the more general case is similar). Suppose for a contradiction that a height one tower, {I',}, solves the
problem. We will gain a contradiction by showing that I',,(A) does not converge for an operator of the form,

A=EP Bz,
r=1

for I, > r, and define
C= diag{Zl,Zz, ...} € Qg N Qga.

Since Sp(A) = {—1, 1}, ||p(A)|| = 0. Now suppose that /1, ..., [; have been chosen and consider the operator
B, = B(Z])@"'@B(Z],...,sz)ﬂac.

The spectrum of By is [—1, 1] so that [|[p(By)ll > 1 and hence there exists n(k) > k such that I',u)(Bx) > 1/4. But
[k (By) can only depend on the evaluations of the matrix entries {By};; = (Bke;, e;) with i, j < N(By, n(k)) (as well
as evaluations of the function f). If we choose ly,; > N(By,n(k)) then I'yy(A) = Iywy(By) > 1/4. But I',,(A) must
converge to 0, a contradiction.

For the class Qp N Q,, the lower bound we just proved clearly holds, and the upper bound also holds since
Qp N Q, C Qp. The lower bounds all hold if we allow the polynomial p to vary and treat it as an additional input.
Similarly, the upper bounds can be adapted so that the towers of algorithms treat p as an additional input.

Exercise 7.2

Let py, p2, ... be an enumeration of the monic polynomials with rational coefficients and degree at least one, and set

1
. deg(p ) B
a, = lnf{”pj”L:’([llSp(A)) cjedl,2,... ,n}}.
Clearly,
1
deg(p ) . dc( ) —_
a, > inf e ef{l,2,...,n}y > inf s = Eeap(A).
n {“P]”L (Sp(A)) * ] { }} monic polynomial p.deg(p)1 ”P”L (Sp(A)) Cap( )

For each fixed N, we have

. . deg(p ) .o deg(p .
ggolnf{||p]||m;sw Je{l,z,...,N}} mf{||p,||ms'pm Je{l,z,...,N}}.

Hence,
deg(
limsupa, < 1nf{||p]||Lf:S’p(A)) JE N} = Ecap(A),
n—oo

where the final equality follows by density of the list {p;} in the set of monic polynomials. It follows that a, converges
t0 Ecap(A) from above. To finish the proof of the H/l* classification, we let I',,(A) be an approximation of a, from above
with I',(A) < a, + 1/n.
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Exercise 7.3

The lower bounds follow from the lower bounds in the book for Qp and Qg N Qga. For the upper bounds, we alter
the solutions to the previous two exercises. Let py, p2, ... be an enumeration of the monic polynomials with rational
coeflicients and degree at least one. From Exercise 7.1, we know that there is Ef—tower for ||p;(A)l| for A € Qg N Q.
However, care must be taken since we are not assuming access to upper bounds for ||A||. Hence, we run the Z‘i‘-tower
with an approximation » for ||Al|. This leads to a Ag‘ tower, {I,,} such that

Iim T,(4, pj) = lIp;(A)ll VA € Q30 Q.

The following provides a Hg‘-tower for {Ecap, Qp N Qf, Ry, A}

Fnz,m(A) = I'Illn fn](A, pj)l/deg(p,»)'
1<j<n,

The class Qg is similar but requires an additional limit to compute ||p;(A)||.

Exercise 7.4
Let A € Qg N Qg4. Consider the sets
S1(A) = Sp(A) N (Spegs(A) + B1/n(0)) neN.

The set Sp(A) \ (Spe(A) + B1/,(0)) is empty or finite, and hence cap(Sp(A)) = cap(S,(A)). The capacity is right-
continuous and, hence, cap(§,(A)) | cap(Sp.,(A)) as n — oco. The same argument works for the Lebesgue measure
and deciding if the Lebesgue measure or capacity is zero. Clearly, the number of connected components of the
essential spectrum can be less than that of the spectrum. By considering an operator with spectrum {0, 1,1/2,1/3,.. .},
we see that the box-counting dimensions can differ. However, the Hausdorff dimension is invariant under countable
perturbations and, hence, is the same for the spectrum and essential spectrum.

Exercise 7.5

We apply the proposition with the sequence ¢; = Ce,; log(1/€,,) and S = Sp, (@, 1). Then Sp, (p,;/qxs;» 1) + B,(0) can
be covered by Sp,(ps;/qn;, 1) and 44, closed intervals of length 7. Let 8 € (1/2,1), then 6; < eff,. < q;jzﬁ . It follows
that

IS + By, (0)] < ISP, (P, /qnys 1) + Bas, (O)| < 8¢/, + 84,6, < Can

for some constant C. In particular,

log(IS + Bs,(0))) < 10g(C) + (28 — 1) log(1/g,,), 1og(1/6;) = log(C’) — 2B1og(1/q,,)
for a constant C’. Hence,
1 Bs 1 B 2B8-1 1
1 = limoup B BoOD _yyyp g 08B+ BOD -1 1
510 10g(6) o0 log(1/6) 2B 2P
We now take 8 T 1 to see that dim(Sp, (a, 1)) < 1/2.
For the bound on the upper box-counting dimension, we let 6, = 13.2+/|la — p,/q,l|, then S + Bs,(0) covers
Sp.(pn/gn. 1) and, hence,

1
log(IS + By, (0)) > 1og(ISp..(pn/qn, D) = C” +log(1/qy), log(1/6,) < C" + 5 log(ler — Pulgnl™)

for a constant C’. Hence,
log(]S + Bs(0 log(]S + Bs(0 2log(1/q,
1 —liminfM =1 +limsupM >1 +1imsupLQ)1'
610 log(6) 510 log(1/6) nooo log(la = pp/qal™")
Using the hint, we have, for every ¢’ > 0,
2log(1/q, 2log(1/q, 2
Jim sup 0g(1/gn) > Og(,/q) __ y
nooo 10g(l@ = pu/qnl™) — (@) +6")1og(g,)  pla)+6
Hence, the required result follows by taking ¢’ | O.
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Exercise 7.6

We have
11{01’1 ELm,s(A) =Em(A) VA € Qg NQga.

Hence, the lower bounds for & ,, proven in the chapter immediately imply the lower bounds in the theorem we prove in
this exercise. Once we have proven the upper bounds in the theorem, by taking € | 0, this limit also provides the upper
bounds for Zp , for the classes Qp N Qr N Qsa and Qp N Qg4 (thus answering the final part of the exercise). Hence, it
suffices to prove that {Epme, Qp N Qy N Qsa, Rz, A} € T4 and {Epm e, Qp N Qsa, Rao, A} € T3

LetA € QpNQrNQgs. We know from Chapter 3 that we may compute F,(z) in finitely many arithmetic operations
and comparisons, so that F,(z) converges uniformly to ||(A — zD)7YI! from above on compact subsets of C. Set

1
E, = ZZH {zeC: F,(2) <€} N[-n,n].

Clearly, we can compute E, with finitely many arithmetic operations and comparisons and we set

T,(A) = U D(z, max{0, € — F,(2)})) N R|.

z€E,

Without loss of generality, we can assume I',(A) can be computed exactly using finitely many arithmetic operations
and comparisons. Suppose that F,,(z) < € and that [w| < € — F,,(2). If z € Sp(A) then clearly

[A-G+wD || <l <e-Fu@ <e,

and this holds trivially if z + w € Sp(A). So assume that neither of z, z + w are in the spectrum. The resolvent identity
yields
[A=G+wD™| > |[A-zD7"|| - ml|A - c+wD™|||[Aa-z07".
which rearranges to
[A-G+wn™||" <JA-z07'" + il <e
It follows that U eg, D(z, max{0, e — F,(2)}) is in Sp.(A) and, hence, that I',(A) < Epm(A). Without loss of generality by
taking successive maxima we can assume that I',(A) is increasing. Together, these facts will yield the 2/1" classification

once convergence is shown. Using the uniform convergence of F,, and density of %Z N [—n, n], we see that pointwise
convergence holds:

X Ueer, Dzmax{0,e-Fu(DNR 7 X {zl(A-z) || <e}nR>»

where y g denotes the indicator function of a set E. It follows by the dominated convergence theorem that

lim T, (A) = [{z : [I(A - )T < @ NR| = B (A).

Here, we have used the fact that the set of points z € R with ||[(A — zI)"!'||”! = € is countable and so has Lebesgue
measure 0. For A € Qp N Qga, we simply replace F,, by suitable 1/n,-gridded approximations of vy, », (call them
F,, »,) and set

Lo (4) = | ] Dz, max{0, € = F,,, @) N R

z€E,

ny

Exercise 7.7

We may write

A-A, =f (/l— L’l'”J) d&).
Sp(A) n

It follows that for all x € H with ||x|| = 1,

(A — Al = f
Sp(A)

[A-n]f

n

A -

1
dux(D) < -
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so that ||A,, — A|| < 1/n. However, Sp(A,) C %Z and, hence, & ,(A,) = 0.

Suppose now that E;,(A) = 0 and A, is a sequence of self-adjoint operators with lim, . ||A — A,|| = 0. This
implies that Sp(A4,)) — Sp(A) since all our operators are normal. To prove that |Sp(A,)| — 0, it is enough to prove that
IX,| | 0, where X,, = Sp(A) U (Up>,Sp(A)). But X;, decreases to Sp(A) and is bounded in measure, so |X,| | O.

Now let A be a bounded self-adjoint operator, A, be a sequence of self-adjoint operators with lim,, . ||A —A,|| = 0,
and € > 0. Then given some 0 < ¢ < € it holds for large n that Sp,_s(A) € Sp.(A,) C Sp.,s(A) and hence that

lim sup ELm,e(An) < ELm,e+6(A)’ lim inf ELm,e(An) 2 ELm,f—é(A)~

n—oo

Now let § | 0 and use the fact that Z; ,, ¢ is continuous in €.

Exercise 7.8

Throughout this solution, we use | - | to denote the two-dimensional Lebesgue measure on C = R?. We first prove that
{Efm, Qe NQr,Ryg, A} € H?' For A € Qg N Q, we will estimate Efm(A) by estimating the Lebesgue measure of the

resolvent set on the closed square [-C, C]?, where ||A]| < C. We do not assume C is known. For n;,n, € N, let

1 1
Grid(n;,np) = (ﬁz + ﬁiZ) N [=ny,n %

We know from Chapter 3 that we may compute F,(z) in finitely many arithmetic operations and comparisons, so that
F,(z) converges uniformly to ||(A — z/ Y !I"! from above on compact subsets of C. Letting B(x, r) and D(x, r) denote
the closed and open balls of radius r around x, respectively (we set D(x,0) = 0), in C, we define

U(ny,ny, A) = [=ny,n1] X [-n1, n1] 0 (UzeGridn ) B(Z, Fp, (2))).

Note that |U(n,n,,A)| can be computed up to any desired precision using finitely many arithmetic operations and
comparisons. Hence, we can define
Loy (A) = 4 = U (1, ma, A)),

where, without loss of generality, we assume that we have computed the exact value of the Lebesgue measure of
U(ny,ny,A) (since we can absorb this error in the first limit). Clearly, I',,,, are arithmetical algorithms using A, so
we must prove convergence. There exists a compact set K such that ||[(A — z)"!||"! > 1 on C \ K and, without loss of
generality by making C larger, we can take C € N and K = [-C, C12. Since F,(z) = (A = zD7 V7", if n; = C, then

U(ny,na, A) = ([-C, C1* N (UseGridany i B@ Fr, @) U (=11, m 1 \ [-C, CI).

It follows that for large n;
Loy (A) = 4C% = [[=C, CT* N (UzeGriatn, ) B Fy ()]

As ny — 00, [-C, C1* N (UscGrid(n; 1) B(z, Fn, (2))) converges to the closed set
K(ny, A) = [-C,CT* N (Uscriaicny BG. IA = 2D)7' 7))

from above and, hence,
lim T, ,,(A) = 4C — |K(n2, A)|
n| —00

from below. Consider the relatively open set
V(n2,A) = [-C,CI N (Urecriaicn D& IA = 2D7HITH).

Clearly, |K(ny,A)| = |V(ny,A)| since the sets differ by a finite collection of circular arcs or points (recall we defined
the open ball of radius zero to be the empty set). Hence, we must show that lim,, . |V(n2,A)| = |pc(A)|, where
pc(A) = [-C,CT? \ Sp(A). For z € pc(A), dist(z, Sp(A)) > |I(A — zI)~'||~" and, hence, we get V(n2, A) C pc(A). Since
pc(A) is relatively open, a simple density argument using the continuity of [[(A — zI)~'||”! yields V(n2,A) T pc(A) as
n, — oo since the grid refines itself. So we get |V(ny,A)| T |oc(A)|. This proves the convergence and also shows that
I,A) ] E(Lj (A), thus yielding the H’;‘ classification.
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The proof that (£, Qp N Qf, Rso, A} ¢ AS is similar to the proof that {Eim, Qp, Rso, A} ¢ AS. However, we pick
a sequence that is dense in some set that has positive (two-dimensional) Lebesgue measure, such as a square or disk.
Next, we prove that {E€ | Qp, Rso, A} € Hg‘. Recall the functions

~Lm’

Y (@ A) = min {oint (P, (A = 2DP},), Tiat (P, (A = ZDP;)}
V(@A) = min{oine(A = 2DP,), Ting(A* = ZDP;))

In the same manner as before, define

U(ni, na,n3, A) = [=n2, 121* 0 (UzeGridonns) B@ Y @A), Doy (A) = (200)* = U (ny, n2, n3, A)l,

where ¥, ,, 1s a computed approximation of y,, ,, accurate to 1/n;. Note that ¥,, ,, converges locally uniformly to
Yn, a8 11 — oo and we may use 7, instead of F,,. The arguments in the proof of {Zpm, Qp, R0, A} ¢ AG show that
{Tog o } 18 @ TT4 -tower for {”‘ ,Qp NQf Ry, A}

Again, the proof that {EC B QB, Rso, A} ¢ Ag is a simple adaptation of the proof that {E 1, Qg N Qsa, Rsg, A} € Ag.
We can also ensure that the operators in question are normal, and, hence, { Qp N Qg Ryp, A} ¢ A36. Since
Qp N Q, C Qp, we also have {Ef , Qp N Qy, R0, A} € TT5.

For the final part, the proof that {:ﬁ"’c, Qp N Qga, Mdec, } ¢ Af can be extended to two-dimensional Lebesgue
measure and the class Qg. To prove that the problem lies in IT4, we take the Hg‘—tower for {Efm, Qp,Ry0, AL AT iy )
Without loss of generality, I, ,, », 1S decreasing in n;, increasing in n,, decreasing in n3. Now let

~Lm’

l,;‘114,113,}12,}11 (A) = X[O,l/m](rng,ng,nl (A))

Note that x[o,1/,,] 1 left continuous on [0, co) with right limits. Hence, by the assumed monotonicity
nlim Fn4,ng,n2,n1 A) = X[O,l/n4](rn3,nz (A)1),
| —00
where + denotes one of the right or left limits (it is possible to have either). Passing to the next two limits,

lim lim Hm Uy 0.0 (A) = X[0.1/n) (BL,, (A)£).
N3—00 113 —00 1] — 0
If Efm(A) = 0, then the quantity on the right-hand side is 1. If Efm(A) > 0, the quantity is O for sufficiently large ny.
Moreover, if the quantity is 0, then Efm(A) > (). Hence, we obtain HZ‘ convergence.

Exercise 7.9

Let K be a compact countable set and u a Borel probability measure supported on K. Since K has atoms, we must have
E(u) = +oo. Since u was arbitrary, cap(K) = 0. By a rescaling of the example with the Joukowsky map in the book,
the capacity of [0, 1] is nonzero. Recall the decision problems

1, if Ee(A) =0, 1, ifS,A) =0
—dec p —dec
cap(A) {O, otherwise, Lm(A) {0, otherwise,

which map to the metric space Mg... Consider first the class Qp. Using the fact that the capacity of a compact countable

set is zero, the proof that {”‘1leC Qp, Mgee, A} ¢ A3G carries over directly to show that {ESZE,QD,MdCC,A} ¢ Ag.
Moreover, since the capacity of [0, 1] is nonzero, the proof that {Z;,, Qp,R>0, A} ¢ Ag carries over to show that
{Ecap» Q. R0, A} ¢ AY. In a similar fashion, the proofs that {E{, Qg N Qga, Maee, A} ¢ A and {Spm, Qp N
Qsa,Rs0, A} ¢ AG ShOW that {—'dec Qp N Qsa, Maee, A} € Af and {Ecap» Qp N Qsa, Ry, A} ¢ Ag, respectively.

cap>

Exercise 7.10

Let K C R be compact and countable. We may list the elements of K as {x;}, which may be finite or countably infinite.
Lete > 0, d € (0,1], and {a,} C R, be a sequence with ), aﬁ < e. For k € N, we may choose U(].k) € Upspo; With
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|U§k)| <ajand x; € int(U;k)). Since K is compact, there exists a finite subset / such that U jE,int(U;k)) covers K and,
hence,

HI(K) < Zaf <e
jel

Since € > 0 was arbitrary, HZ(K) = 0. It follows that dimy(K) = 0.
To prove that a non-degenerate closed interval has Hausdorff dimension equal to 1, we let K = [0, 1] and other such
intervals are similar. Using the fact that x — x? is concave for d € (0, 1] and Jensen’s inequality, we have that

2k
H{(K) = ) 274 = 210,
=1

It follows that HY(K) = +o0 if d < 1 and H'(K) = 1, i.e., dimy(K) = 1.

The proofs of lower bounds for Ei‘;‘fl now adapt trivially to Ey.

Exercise 7.11

We first adapt the limit-computable covers to unbounded self-adjoint operators. Suppose that (S2) holds for a class Q
of (possibly unbounded) self-adjoint operators. For a compact (non-degenerate) interval [a, b] and n, € N, let

b-a)
n

1/ny

G[“’b]z{a+(k+1/2) :k:O,...,nz—l}.

Recall that given ny,n; € N and A € Q, we define the function
—~ k k
@, (n2;z,A) = sup | — 1 k € Zzg, — < @y, (z,A) ¢ .
ny ny

We then define:
S —
L@ b;A) = [a,b]\ ] D(w, @, (2 w,4)),

[a.b]
weG Iy

where D(x, r) is the open ball of radius r centred at x and is taken to be the empty set if r = 0. We now have the
following lemma.

Lemma 7.1. For each fixed ny, a, b, and A, Fﬁf,nl(a, b; A) is eventually constant for large n;. Moreover, the limit
set Fﬁf(a, b;A) = limy, 500 l"if,,,l (a, b; A) satisfies

Sp(A) N [a,b] € T32(a, b3 A) € SP(A) N [a, 5] + Bips1-ay/ny 0)-

Proof. The convergence of the functions {®,} from above implies that
o~ — k k .
lim @, (ny;z,A) = ®(ny;z,A) = sup{ — : k € Zsg, — < dist(z, Sp(A)) ¢ .
ny—oo ny nyp

Moreover, for each fixed n,, z and A, 6,“ (n;z,A) is eventually constant for large n;. It follows that rﬁf,,“ (a,b;A) is
constant for large n; with

T3P(a,b;A) = 1im T, (a,b;A) = [a,b] \ U D (w, B(m; w, A)).
ny—oco

[a.b]
weG| I

Now suppose that z € Sp(A) N [a,b] and w € G[Ia/’i] Then

lz — w| > dist(w, Sp(A)) > D(n2; w, A)
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and, hence, _
2¢ [ ) D(w,®m3w, ).

[a.b]
weG 1y

It follows that Sp(A) N [a,b] C l"n2 (a,b;A). On the other hand, if 7 € l"nf (a,b; A), let w be a nearest point in G[“ b] to

z. Then (I)(nz, w,A) < |w—z| < (b-a)/(2n,), which also implies that the points in Sp(A) nearest to w must also be in
[a, b]. Hence,
b+1-a

—~ 1
dist(z, Sp(A)N[a, b)) < |w—z|+dist(w, Sp(A)N[a, b]) = |w—z|+dist(w, Sp(A)) < [w—z|+D(n2; w, A) + — <
ny ny

The lemma now follows. ]

With this lemma in hand, we now deal with the upper bounds.
Connected components using (S2): Let #(X) be the (potentially infinite) number of connected components of a

set X ¢ R. For each [a, b], we can use Lemma 7.1 to construct a Z‘;-tower { Eg le} for #(Sp(A) N [a,b]). A little

care is needed when Sp(A) N [a, b] = 0, but in this case we can use the fact that l",,2 (a,b;A) is empty if and only if
Sp(A) N [a, b] = 0. We then set
Lo (A) = max ri-mnlca),
<n<np

ny,ny

Then
lim T, , (A) =T,,(A) = max I'"""(A) < max #(Sp(A) N [-n,n]) < #(Sp(A)).
nj—oo I<n<n, °° 1<n<n,

Moreover, for every N € N, we have

liminf T, (A) > hm TLVN(A) = #(Sp(A) N [-N, N).
np—o0
Taking N — oo on the right-hand side, we see that lim,,,_,, I's,(A) = #(Sp(A)), and, hence, {Ec., Q,NU {+00}, A} € Eg‘.

To deal with the decision problem =4, we set

1, if [, 0, (A) > 13,

1y A) =
e (A) {0, otherwise,
which provides a IT4 -tower.

Lebesgue measure and capacity using (S2): In the same way, we obtain a HA -tower, {I“Efi 2]1 }, for |Sp(A) N [a, b]|.

We now take I, 5, 2, (A) = F[_"S’"ﬂ(A), to see that {Ep,, Q, Ryo U {+00}, A} € ZA For the decision problem Z%¢, we set

na,ny ~Lm’

. 1, if min I")(A) < 1/n;,
n3,no,ny (A) 1<n<n,
0, otherwise.
‘We then have
. . 1, if min F[ ml(A) < 1/n;,
im T,y (A) = Ty, (A) = fsnsne
m—ee 0, otherwise,

1, if[Sp(A) N [-n3,n3]| < 1/n3,

lim T, ,,(A) =T, (4) =
ny—00 s (A) () {0, otherwise,

which provides a Hg‘-tower. The capacity is analogous, and 5o {Ecap, 2, Rs U {+00}, A} € EA and {”S:g, Q, Mgee, A} €
A
IT5.
Hausdorff dimension using (S2): For each [a, b], we can use Lemma 7.1 to construct a Eg‘-tower {FE{i Z]Z n ), for
dimy(Sp(A) N [a, b]). We then set
n3n2n1(A) = max F[ nn] ( )

nz,np,n
1<n<ns 3,112,111

Arguing as we did for capacity, this provides a 2‘;‘ -tower for {Zg, Q, [0, 1], A}.
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Upper bounds using (S3): We first provide an easy generalisation of the double-limit covers, restricted to intervals
[a, b]. Define
s —
T (@ b3 ) = [a, 51\ | ] D(w, @y, (13, 4)).

clab]
weG Iy

Arguing as in the book, we see that

— k k 1
lim ®,,, (n3;z,A) = sup{— 1k €Zsp, — < Dy,(z,A) + —},
n3 n3

ny—00 np

where the limit is obtained for sufficiently large n;. The 1/n; is to ensure that ®@,,(z,A) + 1/n, > dist(z, Sp(A)) so that

— k k
lim lim @, , (n3;z,A) = sup {— 1k €Zs, - < dist(z, Sp(A))}.
3

1y —00 1] —00 ns

This second limit is obtained for sufficiently large n,. Hence, we have shown the following lemma.

Lemma 7.2. For each fixed n3, ny, a, b, and A, I“,Efm!,,l (a,b; A) is eventually constant for large ny. Moreover, the
limit set lim,, e ngnz‘nl (a, b; A) is eventually constant for large ny, with

Sp(A) N [a,b] € lim lim I“;Q;f,,,z’nl(a, b; A) C Sp(A) N [a, b] + Bps1-ay/n; (0).

1y —00 1] —00

The desired upper bounds now follow by arguing as we did for (S2) but with the additional limit.
Lower bounds: We prove the lower bounds for =y, and the lower bounds for Z,, are entirely analogous.
Let Q' denote the collection of all infinite matrices a = {a; j}; jew With entries g;; € {0, 1}. Recall the problem
function
1, if {a; ;} has a column containing infinitely many 1’s,
0, otherwise.

= p(aij}) = {

We showed in Chapter 2 that {5 p, Q’, [0, 1], A’} ¢ AY, where A’ is the set of component-wise evaluations of {a;, il
Suppose for a contradiction that {I',, ,,} is a Ag;—tower of algorithms for {Z1n, Q; N Qsa, Ryo U {+00}, A}. Let {bj};io
be a sequence of distinct rational numbers in (0, 1) that are dense in [0, 1]. Given {c¢;};en C {0, 1}, we let

Bi=BcH=)> ¢, jeN

M-

i=1

Note that {bo} U {bg, : j € N} = {b j}]Z:'%‘ “. Define the diagonal operator

C({c;}) = diag(by, bﬁl > bﬁz’ )

Then Sp(C({c;})) = [0, 1] if {c¢;};ey has infinitely many 1s, otherwise it is a finite subset of (0, 1). Define the operator
A@) = P [Cas jhian) + ji
=1

which can be realised as an unbounded diagonal operator on £2(N). The spectrum of A(a) is the union of the intervals
[/, j + 1] over the columns {a; ;};cx With infinitely many 1s, together with a countable set. Each diagonal entry of A(a)
can be computed by evaluating finitely many of the entries of {a; ;}. It follows that a — min{T’,, ,, (A(a)), 1} provides a
A3G—tower of algorithms for the computational problem {Z; p, Q’, [0, 1], A"}, the required contradiction.

Now let Q' denote the collection of all infinite arrays a = {a, i, j}m jenw With entries a,,; ; € {0, 1}. Recall the problem
function
1, ifVm, };an;; = oo for all but finitely many j,
0, otherwise.

B3 oam,ij}) = {
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In Chapter 2, we showed that {Z3 o, ', [0, 1], A"} ¢ A9, where A’ is the set of component-wise evaluations of {a,, ;}.
Let {z,}sen € [—1, 1] be a sequence of rational numbers that is dense in [—1, 1]. For each k € N, define the symmetric

block matrix
Z 41 —Z%

Zk 1-z

\/ 1 —Z% -2
J1-z —Zk

where we take the positive square root for each /1 — z?. By a unitary change of basis, the above matrix is equivalent
to a block diagonal matrix with blocks '

zj 1-z

1- Z? —Zj

Hence, B(zy, - .., zx) has eigenvalues +1, each repeated k times. Given {c;};en C {0, 1} and j € N, we define an operator
CP({c;}) in block matrix form as follows:

ko)

B(zi,...,z) =

(25)

Cii Cip Ci3
0 Cri Gy Cys ...
CV({cih) = C3y| C3,2 C3,3 EERN I

where each block Cy; € CJ. We first set Cy; = diag(zy, .. .,z;). Thenforall k € N, if ¢, = 1, we let r, = max{l: ¢; =
1,1 < k}, where we take rp, = 0if {{: ¢; = 1,1 < k} = 0, and define

Coox = diag (—Z1,---,—Zj), Copr10k+1 = diag (Zl,-n,Zj), Coor+1 = Copriok = dlag( N )

If ¢, = 0, we set

Coiok = Copy10041 = diag(l, ..., 1).
We set all of the other blocks in CY)({c;}) to zero. Each matrix entry of C (J)({ i}) can be computed using finitely many
evaluations of the sequence {c;};ey. If the sequence {c;};e has infinitely many 1s, then CP(c;)) is unitarily equivalent
to a direct sum of infinitely many B(zy, ..., z;) together with the identity operator acting on some subspace. On the
other hand, if {c;}jex has finitely many 1s, then C({c;}) is unitarily equivalent to a direct sum of a finite number of
B(z1,...,z;), the operator diag(zi, . .., z;) and the identity operator acting on some subspace. More precisely, we have

fzzfunn, if Bia=0,
SPCP((cih) = ${zrs .oz UE=11} if0 < Sier < o0,
{—1,1}, if };c; = oo.

Given a = {ay j}m, jen € Q and m € N, we set

An(@) = P CV(ap, jlicrr) @ diag(~1,1/m).

=

Recall the decision problem Z, o, which tests whether a given matrix has only finitely many columns with finitely
many 1s. For a fixed m € N, if 25 g({a;,j}i, jen) = 1, then Sp(A,,(a)) is a finite subset of [~1, 1]. On the other hand, if

EaoUam,jlijer) = 0, then {z1,...,z;} € Sp(A,(a)) for an increasing sequence {j;},2,. Since {z,}sav is a dense subset
of [-1, 1], Sp(An(a@)) = [-1, 1] in this case. We now define
Aa) = @ [A,(@) + 2ml] .
m=1
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If &3 o({amij}m,ijen) = 1, then Ey g({ap, j}ijer) = 1 for all m and hence Sp(A(a)) is countable. It follows that
Zrm(A(@)) = 0. On the other hand, if 23 g({@.; j}m,i, jenr) = O, then there exists some m € N such that Z5 o ({@i j}i jen) =
0. In this case, Sp(A(a)) contains an interval of length 2 so that E,,(A(a)) > 2. Suppose for a contradiction that
Ly Fisa Af-tower of algorithms for {E} ), Qsa, Rso U {+00}, A}. Givena € ', each entry of A(a) can be computed
by evaluating finitely many of the entries of {a,; ;}. It follows that a — 1 — min{I',, », », (A(a)), 1} provides a A4G-t0wer
of algorithms for the computational problem {Z3 o, ', [0, 1], A"}, the required contradiction.

Exercise 7.12

See the paper “On the computation of geometric features of spectra of linear operators on Hilbert spaces,” Foundations
of Computational Mathematics, 24, 723-804, 2024.
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8 Chapter 8

Exercise 8.1

Suppose for a contradiction that A is a bounded operator on H (infinite-dimensional) with Sp. ;(A) = 0. Then
A;(A) = C. By definition, we have As(A) = C. Hence, Sp(A) = Sp4(A). For each A € Sp,(A), there exists €; > 0 such
that B, (1) N B, () = 0 for every distinct A, u € Spy(A). It follows that U cspa)De, (1) cover Sp(A) and do not have a
strict subcover. By compactness of Sp(A), it follows that Sp(A) is a finite point set. But then

> st
1ESp(A)

which implies that at least one of the Riesz projections £, cannot have finite rank, a contradiction.
For an example of an unbounded self-adjoint operator B on H with empty essential spectrum, take the harmonic
oscillator on L?>(R), which is diagonalised by the basis of Hermite functions.
Let B be an unbounded self-adjoint operator on H with empty essential spectrum, and z ¢ Sp(B). The above shows
that Sp(A) = Spy(A) and, hence, we may write
B=) 4P,
n=1

where lim,,_,, |4,| = oo. It follows that

00

B-zl)" = (4 -27'Ps,.

n=1

Note that (using the orthogonality of the Riesz projections)

N
B-" =Y (-7,

n=1

<sup (4, — 27",
n>N

which converges to 0 as N — co. Hence, (B — zI)~! is the limit (in the operator norm topology) of a sequence of finite
rank operators and so is compact.

Exercise 8.2

Let A be a normal operator on H, & be the projection-valued spectral measure of A and z € Sp(A).
Suppose first that z € Sp,(A). Since z is an isolated point of the spectrum, we may choose € sufficiently small so
that
E{weC:|w-z <e€})=8E({).

Using the functional calculus, we see that

—1 -1 ~w- )"
P, = — A-AD""dar= — f f (w—=A)""dEw)dA = f f —————— dAd&EWw).
271 Ji-ai=e2 2711 Ji-ai=er2 Jspay Sp(A) Jlz—Al=¢/2 2ni

The exchange of integrals in the last equality is valid by Fubini’s theorem. By Cauchy’s integral formula, the inner
integral is 1 if w = zand itis O if w € Sp(A) \ {z}. It follows that E({z}) = ., which has finite rank.

Now suppose that z € Sp.(A). If z is isolated, we may perform the above computation to see that there exists
some € > 0 with P, = E(fw € C : |w — 7] < €}) = E({z}). Since P, cannot have finite rank, E{w € C : |[w — z| < €}) has
infinite-dimensional range for every € > 0. If z is not an isolated point of Sp(A), we may choose a countable number
of disjoint open subsets U; C {w € C : |w — z| < €} that intersect the spectrum. By the spectral theorem, E(U;) # 0.
Moreover, these projections are pairwise orthogonal. Since the range of E(U ) is contained in E({w € C : [w — z| < €}),
we see that &({w € C : |w — z| < €}) has infinite-dimensional range for every € > 0.
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Exercise 8.3

For the first part, note that by summing a geometric series, we have

=N kA —f FAde|x =&
Zz x ISP(A)HZZ ()]x (lzhx +

k=1
. 2
=
The functions f, are uniformly bounded and converge to zero on Sp(A) \ {z}. Hence, the required result follows by the

dominated convergence theorem.
For the non-normal example, consider the operator

11 Lo e (1 2L
B—(O 1) so that Z;l B—O L

A = (/")
—— - d&
fp(A)\{} n(z—A4) W)*

Let f,(4) = 1 4= Then

2
“*Akx — E(Hx

_ f £ (OP duey ().
Sp(A)\{z}

which clearly does not converge.

Exercise 8.4

We first prove the lemma. The first part is an easy generalisation of the argument in Chapter 1. Suppose first that a is
invertible. Let x € A with ||x|| = 1. Then

-1 .
L= |Ixll = lla™ ax]| < lla”" llllaxl|.
Upon taking the infimum over x, oipr(a) > |la~!||~!. Conversely, let x, € A such that ||x,|| = 1 and [la™"x,|| — |la”!]|.
Then
4 4
L= |lxll = llaa™ xull = oine(@lla™ x,l-

Letting n — oo, we obtain oie(a) < |la~'||~".

Now suppose that a is not invertible. Assume, for a contradiction, that ojp¢(a) > 0 and oiye(a®) > 0. Let b = a*a,
then b is positive and Sp(b) C [0, co). Moreover,
oing(b) = inf{lla*ax|| : x € A, |Ixll = 1} > oin(a”)Tin(@) > 0.
Let € € (0, ojus(b)/2), then b + €1 is invertible and
Tinf(b + €l) = inf{||bx + ex|| : x € A, ||x]| = 1} = gine(b) — € > €.
From the first part of the lemma, we see that
lled + D)l = €ll(b + €1) "]l = eaine(b + €)' < 1.
In particular, we may define N
c=(b+el)’ Z (b + el)™.

n=0

An elementary bit of algebra shows that
chb=1+(chb-Deb+el)!

Iterating, we obtain
chb—1=(cb-Dleb+e)'N VNeN.
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Taking N — co, we see that ch = 1. In particular, (ca*)a = 1 so that ca” is a left inverse for a. By considering aa*, we
can argue in a similar fashion to produce a right inverse for a. It follows that a is invertible, the required contradiction.
For the next part, we first claim that if A € Qg, then

()l = lim 1AQ;

To see this, let K be a compact operator on £2(N). Since lim,_c IKQ|l = 0,
lim |[AQ}|| = lim |[(A + K)Q.|| < ||A + K]|.

Taking the infimum over K, we see that
lim [JAQ;|| < llx(A)I

For the other direction, for every n € N, we have
A, Il = |A — AP, || = [Iw(A)Il,

where the first equality holds since we may write A — AP}, as a direct sum of a zero operator and AQ;, and the inequality

holds since AP} is compact. Taking n — oo, we have lim,_, [[AQ;|| = ||7(A)]|. It follows that we may write o ins(7(A))
as

oint(m(A)) = inf{lim IATQ|l : T € Qg, lim ||ITQ, || = 1}.
Recall that
Tint(A) = inf {lim inf [JAx,l| : {x,} € DA, lxall = 1, x, — ()}.
Fix T € Qg with lim,,_,« [|TQ;,|| = 1. We may choose x, in the range of Q, with ||x,|| = 1 and lim,,_,« [T x,|| = 1. For
sufficiently large n, define y, = T'x,,/||T x,||. Then y, 2 0and
IAT Q& Xl < IATQ, |l
ITx,ll = WTxll

Ayl =

Taking n — oo, we see that
Tinf(A) < liminf ||Ay,|| < lim |[AT@;]|.

Taking the infimum over such T, we have
Tint(A) < Tint(71(A)).

For the other inequality, we may choose x,, with ||x,|| = 1 and x, NN 0, such that
1im (A%, | = Tinr(A).
We may also ensure that there are disjoint index sets
I, ={ay,a,+1,...,b,}CN, a,,,=b,+1, n=1,273,...,
so that x,, € span{e; : i € I,}. We may also ensure that the vectors Ax,, are asymptotically orthogonal in the sense that

lim i i [{Ax,, Ax;)* = 0.

m=n j=n,j¥m

(o)
T = E XXy,

m=1

then T € Qp with lim,,« IT@;,|| = 1. If x is in the range of Q,, -1, then

Let

IATQ;, X = > > (A, A ) 1) < ) AP ) + [l > > [Ax, Ax)P.
m=n j=n m=n m=n j=n,j¥m

It follows that

m=n j=n,j#m mzn

IATQ, |l < JZ D7 KAx,, AxpP + sup A, |l

The limit supremum of the right-hand side is 7i,t(A), and hence oinf(7(A)) < lim,, o [ATQ |l < Tine(A).
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Exercise 8.5

The proof of the first two bullet points is almost verbatim the proof of the stated Lemma from Chapter 1. For the final
part, let A € Q. We note that

1Pt AQ,, ., — AQ,

n3,ny n3,ng

I <P AP, — AP, I < cp

It follows that
Tﬂ3»ﬂ1(A -z < Tn3,n],f(n1)(A -zl + Cny < Tpgmy (A-zl)+ Cny -

Hence, 7y, 5, f(n)(A — 2I) + ¢, converges (uniformly on compact subsets of C) from above to 7,,(A — zI) as n; — oo.

Exercise 8.6

Let A be a normal operator, z € C and n € N. If there are n eigenvalues of A (counted according to multiplicity) that
are closer to z than Sp.(A), then we may write

A—zl=B-z)& Z(ﬂj — v,
=1

for orthonormal eigenvectors {vy,...,v,} and a normal operator B with dist(z, Sp(B)) > sup{|d; =z : j = 1,...,n}.
Here, 14,..., 4, are the closest n eigenvalues to z (if there are ties then we may select these arbitrarily). It is then easy
to see that

&n(z,A) =sup{|d; —z| : j=1,....n},

which is the distance of z to the nearest point in the spectrum of A, after disregarding n — 1 points counted according
to multiplicity. Suppose now that there are not n eigenvalues of A (counted according to multiplicity) that are closer to
z than Sp_(A). Let 4, ..., A be the eigenvalues that are closer to z than Sp,(A). Then we may write

k
A=zl =B-)e ) (4 - vy
J=1

in a similar fashion. We then see that
&n(z,A) = dist(z, Sp(B)) = dist(z, Spegs(A)).

On the other hand, Exercise 8.2 shows that for every € > 0, E(Byist,sp,. (a)+e(2)) has infinite rank. It follows that
&n(z,A) < dist(z, Speg(A)) + €. Since € > 0 was arbitrary, &,(z, A) = dist(z, Sp,(4)). This finishes the proof.

Exercise 8.7

For the upper bounds, we consider the towers of algorithms for Z,,;; (the sum of the multiplicity over the discrete
spectrum). For example, for Qn N Q, there is a E/Z‘-tower for {Emuie, Qn N Qf, Zso U {+o0}}. Call this tower {I7}, , }.
We then set

1, if I, (A) >0,

0, otherwise.

rnz,nl(A) = {

This provides a E/z‘-tower for the decision problem, “Is Spy non-empty?” for Qn N Q. The class Qy is analogous but
requires an additional limit.

For the lower bounds, we argue first for Qp. Suppose for a contradiction that {I',,} is a Ag—tower for {Z, Qp, Maec}-
Consider the matrix operators A,, = diag{0,0,...,0,2} € C™" and C = diag{0,0, ...} and set

A= éAkm,
m=1

where we choose an increasing sequence k,, inductively as follows. Set k; = 1 and suppose that &y, ..., k,, have been
chosen. Sp (A, @ Ay, ® - - ® Ay, ® C) = {2} so there exists some n,, > m such that if n > n,, then

LA, @ @A, ®C) = 1.
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Now let k1 > max{N(Ay, ®- - DA, ®C, ny), kyy+1}. Arguing as usual, it follows that I, (A) =T, (Ar, ®- - - ®A;, &C).
But I, (A) converges to 0 as A has no discrete spectrum, a contradiction.

To prove the lower bound for Qga, we can use a slight alteration of the argument used in the book to prove
{SPess 2sa, Maw} ¢ A?. Replace the A there by

A = diag{1,0,2,0,2,...} EB

é C({ai,j}ieN)}

=1

and argue analogously.

Exercise 8.8
Let A be a closed and densely defined operator on H. We first prove that
Spess,Z(A) = {Z € C :0e Spess((A - ZI)*(A - ZI))} .

Suppose first that z € C is such that 0 ¢ Sp.((A — zI)*(A — zI)). In other words, (A — zI)*(A — z[) is Fredholm. We
have ker(A — zI) C ker((A — zD)*(A — z)). If x € ker((A — zI)*(A — zI)), then

[|(A — zI)xII2 =({(A-zDx,(A—zDx) ={(A —z)"(A - zD)x,x) = 0.

Hence, ker((A — zI)*(A — zI)) C ker(A — zI) and, in fact, ker(A — zI) = ker((A — zI)*(A — z[)). It follows that
nul(A—zI) = nul((A—-z[)*(A—zl)) < oo. The operator (A—zI)*(A—zl) is self-adjoint, positive and is bounded away from
0on D((A—zI)*(A—zl))Nker(A—zI)*. Hence, there exists C > 0 such that forevery x € D((A—zI)*(A—zl))Nker(A—zl)*,

(A = zDxI* = (A = zD)*(A - zD)x, x) > ClIxlI*.

Since D((A — zI)*(A — zl)) forms a core for A — z/, it follows that this bound can be extended to every x € D(A —zI) N
ker(A — zI)*. Suppose for a contradiction that the range of A — z/ is not closed. Then there exists some y, = (A — zl)x,
with lim, . y, = y and x, € D(A — zI) Nker(A — zI)*, but y ¢ ran(A — zI). It follows from the above bound that
{x,} is Cauchy and hence converges. Closedness of A implies that y € ran(A — zI), a contradiction. It follows that
A -zl € F,(H) so that z ¢ Sp, ,(A). In particular, we have shown that

SPessa(A) C {2 € C 1 0 € Spe (A = 2I)'(A - 2))} .

For the reverse inclusion, suppose that z € C is such that 0 € Sp.((A — zI)*(A — zl)). Then there exists a singular
sequence {x,} of (A — zI)*(A — z[I) corresponding to 0. But then

(A = 2Dxal> = (A = 2D)"(A = 2D, %) < A = 2D)*(A = 2D)x, ]| = O

as n — oo. Hence, {x,} is a singular sequence of A corresponding to z, which implies that z € Sp, ,(A).
We then have

Spess,l(A) = {Z €eC:ze Spess,Z(A) andz € Spess,Z(A*)}
={ze€C:0e Sp.((A-zD)"(A—2zl) N Sp (A —z)(A — zD)")}

and

SpPess 3(A) ={z € C: 7€ Spy,(A)orz e Spess’z(A*)}
= {Z €C:0¢e Spess((A —zD)"(A-z) U SpeSS((A —zD(A - ZI)*)} .

This proves the required equalities for essential spectra.
Now suppose that A is normal. Then

Sp(A) = {z € C: 0 e Sp((A — zI)*(A — zI))} .
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It follows that

Spy(A) = Sp(A) \ Spe(A) = {z€C: 0 e Sp((A — zD)"(A — 20)),0 & Sp. (A — zI)"(A — zI))}
={ze€C:0eSpy((A-zD"(A-zD)}.
To see why this need not hold for non-normal operators, take the shift operator on £2(N) defined by Ae,, = e,_; if n > 1
and Ae; = 0. Then O ¢ Sp4(A), but A*A = diag(0,1, 1,...) has 0 € Spy(A*A).

Now let A € Qy and list the singular values of (A — z)P* as o0 (z,A) < o-i”_)](z,A) < - < 0'(]")(z,A). Let
B=(A-zI)"(A-zl)and B, = P,(A —zI)*(A —zI)P;,. Then {cr;")(z, A): j=n,n—1,..., 1} are the square roots of the
eigenvalues of B,,. Note that B is a non-negative, self-adjoint operator. Applying Rayleigh—Ritz, for each j € N U {0},
0',(1"_)j(z,A) is decreasing in n and converges to a limit denoted by ojns 4 (A — zI), which corresponds to the square root

of the (j + 1)th smallest eigenvalue of B, m There are three cases to consider:

(a) If h(z,A) = 0, then 2,(B) > 0.

(b) If h(z, A) = +00, the above characterisation shows that 0 € Sp..(B) and, hence, 1;(B) = 0 for all j.

(c) If h(z, A) € N, the above characterisation shows that A;(B) = Ofor j = 1, ..., h(z,A), but 4;(B) > Ofor j > h(z, A).
If (a) holds, then there exists 6 > 0 such that ovjp¢ 1 j(A — z/) > 6 for all j. Hence, le-:o max{0, | —kX o4 j(A-2D} =0

for k > 1/6. If (c) holds, we can argue similarly to see that 21;-:0 max{0, 1 —k X oint + j(A — 2I)} = h(z, A) for sufficiently
large k. If (b) holds, then 2’1‘-:0 max{0, I — &k X Tinr+j(A — zD)} = (k + 1) diverges to h(z, A).

Exercise 8.9

The norm ||B]| is the square root of the largest eigenvalue of the semi-positive definite self-adjoint matrix B*B. This
can be estimated from above to an accuracy of 1 (using the techniques of Section 3.3 of the book). Hence, we can
compute an upper bound M € Q, for ||B]|| in finitely many arithmetic operations and comparisons. Now choose
points xi,...,x; € Q", each of norm at most 1, such that dg({xq,...,x},{x € C" : ||x|| = 1}) < €/(3M). These
can be computed in finitely many arithmetic operations and comparisons using generalised polar coordinates and
approximations of trigonometric identities. It follows that

da({{Bx1, x1), ...,{Bxg, x)}, W(B)) < 2¢/3.

We then let each z; € Q +1iQ be a €/4 approximation of (Bx;, x;), which can be computed in finitely many arithmetic
operations and comparisons.

Let A € Qpgy and P, be the orthogonal projection onto spanfey, ..., e,}. Then W(P,AP;) T C(W(A)) in the
Attouch—Wets topology as n — co. We then let I',(A) be an approximation of W(P,AP;,) with du(I',(A), W(P,AP})) <
1/n. This provides the desired X -tower.

Exercise 8.10
Since Ty, = Cm + Y, + (1 — 1)x21//m, we have

Ty =D, D) entrl@m+ D+ G = DX, ) = G = DIl + Y, @m+ Dieal,

m=n+1 k=n+1 m=n+1

where we have used the fact that the Hermite functions are orthonormal. Note that

Z Qm+ Dl = 2n +3) Z lewl? = 20 + 3.

m=n+1 m=n+1

Hence, if Re((T f, f))| < n + 1, then
xRy 220 +3 = (n+ 1) =n+2.

This implies that [Im((T f, f))| = ||xf||iz(R) > n + 2. It follows that T f, f)| > n. Hence, there are radii R, with
lim,_,o R, = oo such that if |z] < R,, then z ¢ W(Q,TQ;,). We know that if W,(A) # 0, then CI(W(Q,AQ))) | W.(A) in

the Attouch—Wets topology as n — co. Hence, we must have W,(T') = 0.
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Exercise 8.11

Suppose that {#,} is a sequence of orthogonal projections onto finite-dimensional subspaces such that £, %, converges
strongly to the identity, and such that A, € Sp(P,A%P;) have 1, — A ¢ Sp(A). Exercise 1.1 shows that x, = P,v,
converges weakly to zero as n — oo, where v, are the normalised (||v,|| = 1) eigenvectors of $,A%P; corresponding to
A,. Note that

(Axn, X)) = (AP Vi, Prvi) = (PRAP, Vi) = Ay

Now fix m € N and set Q,, = I — Py Sety, = Q;,Qux,. Then lim,_, ||x, — .|| = 0 and, hence,
lim{Ay,,y,) = im{Ax,, x,) = lim 4, = 4.
n—oo n—oo n—eo

It follows that A € C1(W(Q,,AQ;,)). Since m € N was arbitrary, 1 € W,(A).

Exercise 8.12

Code for this exercise can be found in “ex8_12.m” in the repository. Here are the outputs of the tower of algorithms for
W.(T) for various choices of n; and n,:

ny =950, ng =0 ny = 150, ny =0 ny = 300, nyg =0
20 20
10
—
& 0
g
b=
-10
-20 -20
10 0 10 20 30 40 50 -10
Re(z) Re(z) Re(z)
ny = 300, N9 = 50 ny = 300, N9 = 100 ny = 300, N9 = 150
20 20 20
10 10 10
—~ —~ —~
NI N N
= = =
= — —
-10 -10 -10
-20 -20 -20
10 0 10 20 30 40 50 -10 -10

Re(z)

‘We show that
W.(T) = C1L(W(T)) = {z € C: Re(z) = 0}.

The inclusion ‘C’ is obvious. Since W,(T) is closed, it remains to be proved that {z € C : Re(z) > 0} ¢ W, (T). Let
z=u+iv € Cwithu = Re(z) > O and v € R. If ¢ € CZ’(R) is an even or odd function with supp¢ C [-1,1] and
lel* = 1/2, l¢'I* = u/2, we define (fp)nar € D(T) by

—(- - 20), v=0,
£.00) = o(x = (=n)) + p(x — (n +2p)), v X€R nel.
e(x = (=n=2M)) +p(x —n), v<O0,
Then (ixf,, f») = iv, ||full = 1, f, converges weakly to 0 as n — oo and
(Th ) = IFIP + Gxfos f) =2/ 1P +iv=u+iv=2z neN,

which implies that z € W,(T), as required.

70



9 Chapter 9

Exercise 9.1

For the existence of Ag—algorithms, we use the fact that the finite section method converges for compact operators
(Exercise 1.20). For example, to compute the spectral radius of compact A, we let I',,(A) be the spectral radius of
P,AP, computed to accuracy 1/n. By considering self-adjoint, diagonal, compact operators, it is straightforward to
see that none of the computational problems are in HIG. We prove that the spectral radius is not in £, and the other
problems are similar. Suppose, for a contradiction, that {I',} is a EIG tower for the spectral radius. We will in fact also
impose that our operators lie in Q, for g with g, (x) < (1 — 6)x (though the exercise did not demand this). Choose 1
small such that (1 + n + 7%)?> < 1/(1 = §) and set

L+ -1
C = C, ®diag(0,0,...), C, = e Cmxm,

e P

The condition relating 7 and ¢ ensures that C € Q,. By assumption, there exists some n so that

T, (diag(1 +72,0,0,...)) = 27" > (1 + /1 + 412)/2 = p(C).

We may argue in the usual manner to choose m large so that I',,(C) = I',,(diag(1 +772, 0,0,...)), therequired contradiction.

Exercise 9.2

Let A € Qg N Qy and A, = P,AP; denote its finite section, where , denotes the orthogonal projection onto
span{ey,...,e,}. We have
PrAkP, = PP, AP P, = (PP, APP, I,

n--n

which converges in the strong operator topology to A% as n — co. It follows that if x € £>(N) with ||x|| = 1, then

lA*x]| = lim ||P:A P, x| < liminf ||A%||
n—oo n—oo

Taking the supremum over all such x, we see that ||A¥|| < liminf,_, ||AX||. Using the normality of A, [|A¥|| < ||A,|IF <
lA]IF = ||A¥||. Tt follows that [|AX|| converges to [|A¥|| from below as n — co.

For the final part, let A be the infinite Toeplitz matrix from the example, which is not normal. Let B be the Laurent
operator with the same symbol as A. This operator is normal and has the same finite section structure as A. Hence,
lim,, o ||A’,§|| = ||B¥||, which also implies that IA%|| < |IBX|I, since that part of the above argument did not use normality.
The operators A* and B* are banded. A translation argument shows that if x € span{e, : n € Z} with ||x|| = 1, then
I1B*x]| < |IA¥]]. Taking the supremum over all such x, we see that IIBX|| < ||A*||. Hence, ||B¥|| = ||A¥||, as required.

Exercise 9.3

If A € Qy, then A is quasinilpotent if and only if A = 0. Deciding if this is the case is a H/l‘ problem, where we simply
check the matrix entries in turn to see if they are nonzero. It is also clear that the problem does not lie in A? for Qp.

For the class Qg N Qf N Q,, there is a 2’1‘ tower of algorithms for the spectral radius, call it {fn}. We define

1, iff,A) <2™,
0, otherwise,

La(A) = {

which provides a H/l‘—tower for the decision problem. For the class Qg N €, there is a 2/2‘ tower of algorithms for the
spectral radius, call it {lA",,z‘nl }, where we may assume the first limit is strictly monotonic from above and the second is
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strictly monotonic from below (the strictness deals with the fact that decisions based on < are not continuous, but have
limits under the strictly monotonic convergence of the argument). We define

1, if[,,(A) <2-27,

0, otherwise,

rnz,nl (A) = {

which provides a Hg‘-tower for the decision problem. For the class Qp N Qf, there is a Hg‘ tower of algorithms for the
spectral radius, call it {lA“,,z,n1 }, where we may assume the first limit is strictly monotonic from below and the second is
strictly monotonic from above. We define

1, iff,,,(A)<2-27",
0, otherwise,

rn3,n2,n1(A) = {

which provides a Hg‘-tower for the decision problem. Similarly, we obtain a HQ—tower for the class Qg.

Exercise 9.4

Gelfand’s formula states that
klim IAMIYE = p(A) < IV Wn e N.

To turn this into an algorithm, we need to compute IA%]l. In general, the finite section method need not converge for
this quantity (this can be seen by taking direct sums of the 2 X 2 non-spectraloid matrix in Example 9.1.10). Instead,
we exploit the fact that we are dealing with A € Qg N Q. From the solution of Exercise 7.3, there is a A‘; tower, {I',}
such that

lim [,(A, k) = [|IA] VA€ QpNnQfkeN.

n—oo

We then let I',,, ,, (A) be an approximation of T n (A, n2)]""™ from above to accuracy 1/n;. This is clearly a Hg‘-tower.
The same monotonicity properties can be observed in the referenced figure, where, for that particular operator, the
finite section method can be used instead of ', as shown in Exercise 9.2, which essentially relies on the normality of
the operator.

Exercise 9.5

The following example is due to Kakutani (published in C. E. Rickart, “General Theory of Banach Algebras,” 1974,
pages 282-283), who used it to show that the spectral radius is not continuous with respect to the operator norm
topology. We will show that the same example also works for the essential spectral radius. Let A be the weighted shift
operator on £2(N) given by

Ay = Umemrts  Am =€ Fwherem =221+ 1), kI1=0,1,2,....

Then for every s € Nand r € N with t > s,

t—1 s—1

o2 (AN 2 (pazes @)1 = [ exp(=277 12 = 2) | [ exptk2 ™12 = 2.
j=1 k=1

We clearly have

s—1
lim | [expk2: %1/ -2%) =1,
t—oo =1
whereas
t—1 t—1 00 ]
_nt=j=1 9t _ 9s _ int=j=1 rt-1 —_ 2
l_[exp( j2 /(2 2))21_[exp( j2 /(2 ))Zexp( sz]>0.
j=1 j=1 =1
Since this bound is independent of s, we may take ¢t — oo and then s — oo, applying Yamamoto’s theorem, to see that
Pess(A) > 0. We now let A, be the shift A,e,, = ), e,4+1, Where @), = a,, if m # 2"(21 + 1), and O otherwise. It is easily
checked that A, is nilpotent, so that p(A,) = 0. However, ||[A — A,|| = ™.
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Now suppose that A is normal and B (not necessarily normal) has ||[A — B|| < €. By definition of the pseudospectrum,
we have Sp(B) € Sp.(A). Hence, p(B) < pc(A) = p(A) + €, where the final equality uses normality of A. If B is also
normal, then we may reverse the roles of A and B to see that p(A) < p(B) + €, and, hence, |p(A) — p(B)| < €.

To argue for the essential spectral radius, we make use of Exercise 8.4. Let A be a C*-algebra with identity and let
a € A, then

Sp@)= | ] Spla+b).

beA|bli<e

Now suppose that A, B are normal operators acting on H. If 1 € Sp.(A) = Sp(n(A)), then A € Spy4)_r(py (T(B)).

Since Tips(B — Al) = oipe(m(B) — A1) = ojpe(7(B)* — 11) and Tipr(B — AI) = dist(4, Sp,(B)) (here we use B is normal),
dist(4, Spes(B)) < |In(A) — n(B)|| = |In(A - B)|| < ||A - Bl|.

We can argue with A and B reversed to see that |pess(A) — pess(B)| < [|A — B|.

Exercise 9.6

Arguing as we did in the solution of Exercise 7.3 (to take care of the fact we do not a priori have bounds on ||A]|), we
can adapt the procedure in Exercise 3.10 to see that there exists an arithmetic algorithm I" and unknown N (dependent
on A) such that I'(A, k, n) has finitely many nonzero entries in each column and

IC(A, k,n) — A*Pill < 1/n VAeQpnQ; ifn>N.
Using the stability of singular values under perturbations in the operator norm topology,
o, (F(A, 12, 1)) = 07y (AP, )] < 1/,

for sufficiently large n;.

Given a finite matrix B € C"™" and tolerance € > 0, we can compute o(B),...,0,(B) to accuracy € in finitely
many arithmetic operations and comparisons. This follows from our usual argument of computing square roots of the
eigenvalues of B. Let I, ,,(A) be an approximation of [0, (T(A, np, n)]1V™ to accuracy 1/n;. Then,

lim Iﬂ'lZJll(A) = lim [O—nz(AmPZl)]l/nz = [O-nz(Aﬂz)]l/nz.
nyp—oo np—o0

Hencie, Ty} is a Hg‘-tower for {pess, Qg N Q). To compute p;(A), we replace T, ,,(A) by an approximation of
[o;(T(A, na,n1))]'™ to accuracy 1/n; and apply Yamamoto’s theorem. It follows that the SCI of computing the
spectral gap p;(A) — p2(A) is at most 2. To see why it is not 1, consider operators of the form

A=diaghyo P/, L eN\(1},

r=1

where the J; are Jordan blocks. Then p;(A) — p2(A) = 1 if the sequence {/,} is bounded, otherwise it is 0. We now
argue as in the proof of {Sp, Qp, My, A} ¢ Ag.

Exercise 9.7

Now let A € Qp and m € N. Let $, denote the orthogonal projection onto spanfey, ..., e,}. If n > m, then

on(PrAP,) = sup min||P,Ax]| < sup min [P, Ax]| < sup  min [Py Ax]| < 0 (P AP, ).
Ucran(®P,) €U Ucran(P,) *S Ucran(P,.1) S

XE
dim(U)=m MI=1 dim(U)=m MI=1 dim(U)=m M=

Hence, the sequence o,,($,AP;,) is increasing. A similar argument shows that o,,(P,AP;) < o,(A), and, hence,

o m(PrAP;,) converges up to a limit. Now fix N € N. If n > N, then arguing similarly we have

on(P,AP;) = sup min||P,Ax]l > sup min [|P,AX] = 0u(PLAPY).
Ucran(®@,) *<U Ucran(®y) XU
dim(U)=m =1 dim(U)=m [lxll=1
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Since lim,,_,o [|P;,PnAPy — APl = 0, we see by continuity of singular values that

lim (P, AP = T n(APY).

Let € > 0. There exists an m-dimensional subspace U of £2(N) such that
mi(? A" X|| = o (A™) — € = 01y(A) — €.
XE
[IxlI=1

Then
Om(APY) = on(PrNAT) 2 miLrll [|[PNA™x]|.
XE
[lxll=1

When restricted to U, PyA* converges in the operator norm topology to A* and, hence,

. N i AR A > e
im0, (APY) 2 \?%12 lA"x]| = on(A) — €

It follows that lim,,_,co 07, (P, AP},) = 0(A).

Exercise 9.8

Suppose first that A is bounded and let |z| > ||A]||, then (A — zI)~! exists and is given by

00

_ -1 _ _(7_ -1 _ __1 -1 n
A=yt ==U=Af " a=— ) A

n=0
‘We can bound the size of each term of this series to obtain

1

1
A-z)! B '
A =270 < = —r i = ATl

This converges to zero as |z] — oo, and, hence, each Sp.(A) is bounded.

Now suppose for a contradiction that A is closed and unbounded, but that Sp_(A) is bounded for some € > 0. We
would like to adapt the above Neumann series argument using the fact that A is a closed operator. The assumption
that Sp,(A) is bounded implies that Sp(A) is bounded and, hence, (A — zI)~! is holomorphic on the exterior of a disc
enclosing Sp(A). Furthermore, ||(A — zI)~'|| is bounded at infinity and, hence,

A-zD "' =Ag+7"A +77% 45 + - -

for some bounded operators Ay, A1, . ... This can be seen by considering {((A — zI)~'x, y) for x,y € H and computing
coeflicients of its Laurent series. We have

A7 A-zD ' =7 U +zA -2 Y =7 T+ Ag+ 7 A + 7 A -
Since limy,e z7'(A — zI)™' = 0 and limy,co Az7'(A — zI)™! = Ay, closedness of A implies that Ag = 0. It follows that
A—-zly ' =7 A + 2240+, AA-zD =T+ A +7 Ay + -
Since limy (A — zI)™! = 0 and limy; e A(A — zI)™' = I + Ay, closedness of A implies that A; = —1. It follows that
A=z =T+ A+, AZA-zZD T = A+ A+

Since lim_,c 2(A — zD)™! = —T and limy e AZ(A — z)™! = A,, closedness of A implies that A, = —A. But then A is
bounded, the required contradiction. This argument also shows that Sp_(A) must be non-empty for every € > 0.
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Exercise 9.9
Let A be a bounded operator and ¢ > p(A). We first prove that

A) —
sup c‘kllAkII > sup M
k>0 >0

Lete > 0. If ¢ > p(A) — €, then there is nothing to prove, so suppose that ¢ < p.(A) — €. Let z € Sp_(A) with |z] = pc(A)
(which implies that [|(A — zI)™!|| = 1/€). Then

—A-) =1+ S (A =T+ (-) A",

where we have used the fact that lim,,_, ||z77"A"|| = 0 for the convergence of the series. It follows that

3 A > n su C—k Ak
P < +(supc‘k||Ak||)Z‘f‘ _ 14 S0 I
€ k20 n=1 z pE(A)/C - l

Rearranging this inequality, we have

sup c_k||Ak|| >

PelA) —cpe(A) € _ peA) —c
k20 € B '

c €

Taking the supremum over € > O proves the desired result.
If 2] > ¢, let (A — zI)7"|| = ¢ then

_ i} pe(A) = ¢
Izl = A = 2Dl < (pe, (A) — ©)€y " < sup “or—.
>0
On the other hand
pe(A) — ¢ Izl - ¢ _ _
sup ———— =sup sup <sup sup (|2 - olI(A - zD)7 "l = sup(lzl — (A — zD)7|I.
>0 € e>0 zeSp.(4) € >0 zeSp,(A) lzl>¢

It follows that

€ A) - -
supM = sup(lz] = (A = zD)7'I.

>0 € lzl>¢

Now let A generate a strongly continuous semigroup and ¢ > wg(A). We prove that

sup e |le"|| > sup Y > wo(A).

a.(A)—c
>0 >0 €

Let € > 0. We assume that ¢ < a(A), otherwise there is nothing to prove. Let z have Re(z) > a.(A) > wo(A). Then

@ -A)y" = f et dr = f e e e gy
0 0
tA”

- ‘ sup,so ¢ “lle
”(Z] _ A)—IH < f e((—Re(z))t dr- sup e—d“etA” — ptZO
0 10 Re(z) - ¢

and, hence,

It follows that Re(2)

‘ e(z) — ¢
sup e “[le"|| > —————.
e Iz =AY~

We now take a sequence of such z, call them z,, such that lim,_,, Re(z,) = @(A) and lim, o, |[(z, — A)7!||”! = € to
finish the proof of the inequality.
If Re(z) > ¢, let (A — zI)7!|| = €' then

(Re(2) — O)I(A — 21| < (@e(A) — )™ < sup &2_6 Ve > wlA).

e>0
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On the other hand

a(A) —c Re(z) — ¢ _ _
supL =sup sup Re@-c o sup sup (Re(z) — o)ll(A—zD)7'| = sup (Re(z) — o)lI(A —zD)".
0 € >0 zeSp,(A) € >0 zeSp,(A) Re(z)>c
It follows that )
[ -c _
sup ———— = sup (Re(z) - o)A —zD)7"||.
>0 € Re(z)>c

Exercise 9.10

Let A € Qg and list the eigenvalues of A below the essential spectrum as 4;(A) < A3(A) < - -+ including multiplicity.
If there are N € {0} U N such eigenvalues, let Ay, j(A) = inf{z : 7 € Sp.(A)} for all j € N. Let P, be the projection
onto spanfey, ..., e,} and A(I”)(A) < /l;")(A) < --- < A"(A) be the eigenvalues of P,AP: (listed including multiplicity).
From the min-max theorem,
(n) — * > 1 =A;
/lj (A) g}{ﬂ) svlel‘[/) (P AP, v, V) = lenr(lft; . svlel‘[/) (Av,v) v C1n svlel‘[/) (Av,v) = 2;(A),
dlm(V) 7 Ivli=1 dim(V)=j  [pll=1 dim(V)=j |vl|=1
where the inequality follows from the fact that infimum is taken over a smaller set. A similar argument also shows that
/15.”)(A) is non-increasing in 7.
For the other direction, let € > 0. There exists V C D(A) with dim(V) = j such that

A;(A) > sup(Av,v) — €.
veV
IvlI=1
We may pick a basis {vy,...,v;} of V. Since the span of the canonical basis functions forms a core of A, there exists
v/(c") € ran(P;P,,) such that
lim v = v, lim AV = Ave, k=1,..., )

n—oo n—oo

Let VW = span{v(") VE”)}, then dim(V®) = j for sufficiently large n. It follows that

lim sup /l(")(A) < limsup sup (Av,v).
n—oo n—oo ey

lvil=1

Now consider the j X j matrices defined by
o) = AV V) = (Avva), B = O VD), B = v, ab =1,

Then sup, .y {Av, v) is the maximum eigenvalue of (8"”)~!a™, which converges to the maximum eigenvalue of (8)'a
lvii=1
as n — co, which is sup ey (Av, v). It follows that

[vll=1

lim sup A(”)(A) < sup (Av,v) < Aj(A) + €.

IIVH l

Since € > 0 was arbitrary, we must have that /l?')(A) L 4j(A)asn — oo,

Exercise 9.11

Let Zdec (A) be 1 if A is quasicompact, and 0 otherwise. The proofs of the lower bounds {pess, Qp} ¢ Ag and

—quasicompact

{Dess» QB N Q) ¢ A3G carry over straightforwardly to show that {Zd Qp} ¢ AG (Edec Qs N Q) ¢ AY,

—quasicompact’ quasicompact’

{glee . QpNQs ¢ AY, and (T Qe N Q) ¢ AG Next, we show that {Z9¢ Qg NQN} € 2/2‘.

quasicompact’ quasicompact’ —quasicompact®
There exists a £5-tower, I, ,, for {Egap, Qp N Qn}. We now set

Fpm (A) = min{ny - T, (), 1},

which provides a Eg‘-tower for {ng@sicompm,QB N Qn, [0, 1]}. We can alter this tower (e.g., see Exercise 2.10) to

achieve convergence in Mge.. Arguing in a similar manner, {29 . Qp} e 24, (B Qp NQy} € %4, and

quasicompact”’ quasicompact’
=dec A
{'_'quasicompacl’ Qs N Qg} € 23 :
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Exercise 9.12

For the first part, we have

1 1
p(A=zD)= sup  |wl= sup = —— = — ;
weSp((A—zD) 1) acspy =2 dist(z, Sp(A))  dist(z, Sp(A))

where the final equality holds since Sp(A) # 0.
For the part about the (n, €)-pseudospectrum, suppose first that z ¢ Sp(A), and let B = (A — z/) and n € Z5y. Then

Bt (2 A) = IB 72 = BT 2 1B = BT = Bz, A,
Using Gelfand’s formula and the first part of the exercise,
_on 1o 1 1 . . .
Ba(z, A) = IB||7V* = (BN < o) — Gst@Sp), - lim B,(z, A) = dist(z, Sp(A)).

If z € Sp(A) instead, then 8,(z,A) = dist(z, Sp(A4)) for all n € N. Dini’s theorem implies that §8,(z, A) converges to
dist(z, Sp(A)) uniformly on compact subsets of C. These results show that for every n € Z( and € > 0,

SPys1(A) C Sp,(A), {z€C:dist(z, Sp(A)) < €} C Sp, (A).

Suppose, for a contradiction, that Sp, .(A) does not converge to {z € C : dist(z, Sp(A)) < €} in the Attouch-Wets
topology. Then without loss of generality there exists z, € Sp, .(A) and § > 0 with lim, . z, = z and dist(z, Sp(A)) =
€ + 6. However, the local uniform convergence of 8, implies that

dist(z, Sp(A)) = lim B, (2, A) < €,

the required contradiction.
For the part about computations, let A € Qg N Q. We can write

L
37

Bz, A) = [min (oo (A = 2D)”") , oring (A” =207 )]
Let m € N and define
" oo\
ﬂn,m(z’ A) = [I’l’llIl {o-inf ((A - ZI)Z P;kﬂ) > Oinf ((A* - ZI)Z Pm)}] T
where, as usual, $,, denotes the orthogonal projection onto spanfey,...,e,}. We have B,,(z,A) > B,(z,A) and
limy—0 Bnm(z, A) = Bn(z,A), where the convergence is uniform on compact subsets of C. From Exercise 3.10 (using

the fact that A € Qp N Qy and we can bound ||A|[), we can compute, for each § > 0, sparse rectangular matrices B, ,,(z)
and C, ,,(z) with an infinite number of rows and m columns such that

||Brn(2) — (A = 2D¥'P;, <s

<6, |Cum@ - A" -ZD*' P,

It follows that (using the sparsity) we may compute approximations of 3, ,(z, A) from above to accuracy 1/m. We now
invoke the convergence proof of Pseudospec from Chapter 3 to see that {Sp, ., Qs N (2, Maw, A} € Zf. For the class
Qg, we use an extra limit to compute 3, ,,(z, A) by truncating rows, and, hence, obtain a Zg‘ classification. This is sharp
from the n = 0 case and the proof can be adapted for larger n.
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10 Chapter 10

Exercise 10.1

It is enough to show that
{z cU: |t < e} = |J spr+ 6.
EeCy(e)

Suppose first that z ¢ Sp(T) and ||T(z)"'||™' < e. Then there exists a vector v € , of unit norm with T @) Wy, > el

Letu = T(z)"'v € H; and define the operator E(z) = E : H; — H, by Ex = —v(x, u)y, /||u||(i{l. Then, ||E|| = 1/lully, <
e and [T(z) + E]u = 0so z € Sp(T + E). Notice that this perturbation is rank-one and independent of z.
For the reverse set inclusion, suppose for a contradiction that z € Sp(T + E) for some E € Cy(e) but that
IT(z)~'I”" > €. Then
IT@EQ@I < IT@MEQI < IE@/€ < 1.

Note that T(z) + E(z) = T(z)(I + T(z)"'E(z)). Using a Neumann series, we have
I+T@E@)" = ) (~VIT@TEQV,
j=0

which converges because ||T(z) ' E(z)|| < 1. Hence, since T(z) is invertible, so too is the product T(z)(I + T(z) ™' E(z)).
It follows that z ¢ Sp(T + E), which is a contradiction.

Exercise 10.2

The proof is a generalisation of the previous exercise. Suppose first that zo ¢ Sp(7’) and IT (o) "I7! < ef(zg). Then
there exists a vector v € H, of unit norm with [|T(z0)""lle, > (€f(z0))™". Let u = T(z0)"'v € H; and define the
operator Ey : H; — H, by Egx = —v(x, 14>(Hl/||14||3{1- Then, ||Eoll = 1/llulle, < €f(z0). We now define

T {fj(zo)/|fj(20)|, fi(z0) # 0,

0, otherwise,

.: EQ =Y f(2A,
T © ]Z_:;f’@’

Note that . SO 1z
—o @il ]i(Z
A ey < IEol/fGo) < & Y fitend; = =200, = I,
= S (z0)

Since [T(z9) + EolJu = 0, it follows that zg € Sp(T + E). Note that we can rewrite the perturbation as

1 fi(z0)
E(z) = E JiDJz0)
@ f,g;#, 4 f@o)lfi(zo)l

This is a rank-one operator multiplied by a scalar-valued holomorphic function.
For the reverse set inclusion, suppose for a contradiction that z € Sp(T + E) for some E € Sy(e) but that
IT(z)~"I" > ef(2). Since lIAjll < aje and f(z) # 0, it follows that

IT@™E@I < IT@)I [Z a,-lf,-(z)l)e =IT@IIf@e < L.

Jj=0

We now use a Neumann series argument as before.

To compute the closure of this set, we simply replace each appearance of € in the algorithm for pseudospectra
with €f(z). The proof of convergence carries over (this is immediate from the observation that we can consider
IT(z)~"I7"/ f(z) instead of ||T(z)"!||"! in the proof).
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Exercise 10.3

Let € > 0. Then there exists x € D(A) with ||x|]| = 1 and ||Ax]|| < ojnr(A) + €. Let ¢ = (x,Ax)/ /1 + ||Ax|]> € gr(A), then
there exists ¥ = (y, By) € gr(B) with ||¢ — ¥|| < dg(A, B) + €. Hence,

1Byl < [|AXl/ V1 + IAXI? + ds (A, B) + €, Iyl 2 lIxll/ V1 + lAxI* - de(A, B) — €.

It follows that

lAxIl/ V1 + [|AX|? + ds(A, B) + € < Oint(A)/ V1 + [inr(A)]? + ds (A, B) + 2€
1T+ AR —ds(A, B —€  1/\1+ [0(A) + € — d(A,B) —€

Oinf(B) <

Taking € | 0, we obtain

Tint(A) + ds(A, B) V1 + [oine (A)]?
1 —ds(A, B) 1 + [oine(A)]?

Now suppose that lim,,_, ds(A,,A) = 0. Taking B = A, the above bound shows that lim sup,,_, ., Tint(4,) < Tin(A).

oint(B) <

It follows that d(A,, A) y/1 + [oinr(A,)]? < 1 for sufficiently large n, and, hence, we may reverse the roles of A and A,
to see that
Tinf(Ay) + d(Ap, A) V1 + [oine(A,)]?

1 = ds(An, A V1 + [Tine (A

Oint(A) <

It follows that lim inf,,_,c Oinf(A,) = Tine(A).

Exercise 10.4

Let ¢ be a smooth, non-negative, compactly supported function on R taking maximum value 1. Set 7'(z) as multiplication
by 1 —¢(-—1/|z]) and T(0) = I. Let {z,} ¢ C with lim, z, = z € C. Then T'(z,) converges strongly to 7'(z) asn — oo
by the dominated convergence theorem. If we take z = 0 and z,, # 0, inr(T(z,)) = 0 but o (T(2)) = 1.

Exercise 10.5

Suppose for a contradiction that {Sp, Qf\f ,Maw, Az} € Af with a Ag—tower of algorithms {I',}. Consider the class Qp
of bounded diagonal self-adjoint operators on £>(N). For each A € Qp, we may define a constant pencil T, € Qﬁf
by setting (Ta(z)e}, éi)4, = Aij, where A;j is the (i, j)th matrix entry of A with respect to the canonical basis of 2.
Moreover, for this class of diagonal operators, A; is equivalent to the evaluation of each matrix entry A;;. With this
setup, it is easy to see that the decision problem of deciding whethgr A is invertible does not lie in Ag. We have
Sp(T4) = 0 if A is invertible and Sp(T4) = U otherwise. We then set I',,(A) = 1 if [,,(T4) N Di(xp) # 0 and I',(A) =0
otherwise. Then {I’,} is a Ag-tower for deciding if elements of Qp, are invertible, a contradiction.

To deal with the evaluation set A, we embed a decision problem. Let Qg4 denote the class of (linear) self-adjoint
operators on £2(N) for which span{e, : n € N} forms a core. Consider the following decision problem:

Hp:A— “Is0e€Sp(A)?”” A € Qga.

The following proposition classifies the difficulty of this problem.

[ Proposition 10.1. {Zo, Qsa,[0,1], A1} ¢ AS. ]

Proof. Let Q' denote the collection of all infinite matrices a = {a; ;}; jewr With entries g; ; € {0, 1}. Define the problem
function
1, if };a;; = oo for all but finitely many j,

0, otherwise.

Ero(ai;)) = {

Recall from Chapter 2 that {E; o, Q',[0, 1], A’} ¢ Ag, where A’ is the set of component-wise evaluations of {a; ;}.
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Suppose for a contradiction that {I',, ,,} is a A3G—tower of algorithms for {Zy, Qgsa, [0, 1], A;}. Given a sequence
{c;}ien With each ¢; € {0, 1}, list the indices where ¢; = 1 as

{iZCizl}Z{il,iz,...}, i1<i2<'~~.

This set may be empty, finite, or countably infinite. Define iy = O and let r({c;}) be one greater than the cardinality of
{i : ¢; = 1}. If r({c;}) < o0, then we define

h=2+ir—ir1, k=1....,rfch =1, Ly =,
otherwise we define
Lh=2+i0y— iy, keN.

We set

r{ci})
Cleih = PAy, An= e Cmm,
k=1

1 1

where A, = diag(1,0,0,...). Note that Sp(C({c;})) € {0,1,2} and 1 € Sp(C({c;})) if and only if r({c;}) < co. Given
{a; ;} € &, define the self-adjoint operator

e

A =A(a; ;) = @ [C({ai,j}ieN) -(1- 2_(l+j))l] € Qga.

=

If 25 p({aij}) = 1, then O ¢ Sp(A). If &, p({a; ;}) = 0, there exists a null sequence in Sp(A) and, hence, 0 € Sp(A). We
define the following general algorithm that uses A’:

rnz,nl ({ai,j}) =1- rnz,m (A({al]}))

The convergence of I, ,, implies that

lim 1im T, ({ai;}) = Z2.0((ai}).

Ny —00 N —00

However, this contradicts {E5 0, ', [0, 1], A’} ¢ A§. O

To prove {Sp, Qg’LH, Maw, A1} ¢ AY, we use Proposition 10.1. Given A € Qg,, we can identify it with a constant

pencil Ty € Qﬁf exactly as before. Suppose for a contradiction that {I', ,,} is a A3G—tower for {Sp, Qﬁf s Maw, At}
We now set
anyn (A) = inf | min{dy(z, xo), 1},

2€00,
where the infimum over the empty set is taken to be 1, and define
l:‘nz,nl(A) =1- Ay (A).

If Z9(A) = 1, then lim,, 0 limy, S0 Ay 0, (A) = 0. On the other hand, if Zg(A) = 0, then lim,, e limy, 00 A, 4, (A) = 1.
Hence, {I';, ,,} is a Ag;-tower for {Ey, Qsa, [0, 1], A1}, which contradicts Proposition 10.1.

Exercise 10.6

These are straightforward generalisations of Exercise 3.3 and Exercise 3.4.
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Exercise 10.7

The fact stated in the exercise, together with the continuity of z +— T(z) in the metric d, show that the sets Ax(T)
are open for k = 1,2,3,4, and therefore so is As(T). It follows that the sets Sp,(T') are relatively closed in U. It
is immediate that Ay(T) = {z € U : 0 € Ap(T(2))} for k = 1,2,3,4. Now let T be the perturbed shift in the question.
For z # 0, the spectrum of the fixed operator T(z) € Z(£*(Z)) is the unit circle. From the previous exercise, it follows
that {z € C : z # 0} € A(T) for k = 1,2,3,4. Since T(0) is a rank-one perturbation of an invertible operator, it is
semi-Fredholm. It follows that A{(T) = C. We have Sp(T) = {0}, and hence As(T) = C. Now A{(T(0)) = C\ T and
Sp(T(0)) = {z € C: |z] < 1}. It follows that A5(T(0)) = {z € C: |z| > 1}.
For the example where Sp(T') \ Sp, 5(T) need not be a discrete set, define the diagonal operator

T(z) = diag(f(2), 1, 1,...) € B(L*(N)), f(z) = max{|z| - 1,0}.

Clearly, T € QSL. Moreover, T(z) is Fredholm with index zero for all z € C, so Sp ((T) = 0 for k = 1,2,3,4,5.
However, every z € C with |z] < 1 is an eigenvalue of 7 with multiplicity one, and these points are not isolated.

Now suppose that T" is holomorphic. We prove that Sp,y(B) is equal to Sp(T') \ Sp,, 5(T) for any suitable choice of
B, thereby also showing that this definition of the discrete spectrum is independent of the choice of B. For the argument
below, pick such a B. Suppose first that z € Sp(T') \ Sp.ys 5(T). Then z lies in Sp(B) \ Sp, 5(B). Hence, it lies in a
component of A;(B) that intersects U \ Sp(B). Keldysh’s theorem implies that z € Sp4(B). Conversely, suppose that
20 € Spy(B). This means that we may write

B =C@+ Y —

— k
(2 - 20)

in an open neighbourhood of 7y, where S are finite-rank and C(z) is bounded holomorphic. Suppose for a contradiction
that B(zo) ¢ -%.(H3, H,). By the characterisation of semi-Fredholm operators in Lemma 8.1.9, there exists a sequence
{x,,} € H; of unit-norm vectors such that x,, converges weakly to zero as m — oo and lim,,_,, ||B(zo)xn|| = 0. Let P
be the orthogonal projection onto the perpendicular of the (finite-dimensional) sum of the ranges of S. It follows that
lim, e [|PXmll = 1. Then

Px, = PB() ' B()x, = PCZ)B@)xy + Z P——=—B(2)x, = PC(2)B(2)Xp,.

)k

Taking z — zp and then m — oo, we see that lim,,_, ||Px,l| = 0, the required contradiction. It follows that
B(zp) € Z(H;3, H>). Using the fact stated in the exercise and the fact that z, is isolated, we see that B(zg) is Fredholm
with ind(B(zp)) = 0. Moreover, zg € Sp(B) \ Speg 5(B) = Sp(T') \ Spegs 5(T)-

Exercise 10.8

Let U c Cbe adomainand T € QﬁL. To show the map z — Tiy(7'(2)) is continuous on U, we use the fact that

1 1
Tint(An) = | —%— — 1. Tint(A) = -
' Pess (RA,,) ! pess(RA)

and argue in a similar fashion as we did for the injection modulus o,s. The towers of algorithms are a simple generali-
sation of those for the essential spectrum in Chapter 8. Namely, we can compute Tj,¢ in two limits using A, by consid-
ering Q,,, and ém‘n, the orthogonal projections onto span{e,;+1(z, T), ..., e,(z, T)} and span{é,,+1(z,T), ..., e,(z, T)},
respectively. We approximate Tiyt(7'(z)) and 7ine([7'(2)]*) by oine(T'(2)@;,,,) and O—jnf([T(Z)]*QAfn’n), respectively. These
approximations converge in the double limit lim,,_,, lim,,. Similarly, we can adapt the lower bounds to show that

Ag % {Spessyk’ Q]l\]]L’ MAW’ Al} € H?? A2G % {Spess’k’ Q]l\]/L’ MAW’ AZ} € H‘ZA'
We now consider the wave equation with acoustic boundary conditions. Integration by parts shows that

[T@Tu=u"+Zu, DATQI) = {u € W (Rag) : —u'(0) - izu(0) = 0}
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It is then a simple calculation to show that: if Im(z) > 0, then nul(7(z)) = nul([7(2)]*) = 1; if Im(z) < O, then
nul(7'(2)) = nul([T(2)]*) = 0. Moreover, for z with Im(z) # 0, the range of T'(z) is closed. It follows that

{ze C:Im(z) # 0} c A(T), k=1,2,3,4.
Since T'(z) is holomorphic and none of its spectral points are isolated, the previous exercise shows that
SPess.s(T) = Sp(T) = {z € C : Im(z) > 0}.

It follows that
As(T) ={z € C:Im(z) <0}

It follows that A|(T) = C\ R. If z € C has Im(z) = 0 and z # 0, then nul(7'(z)) = nul([T(z)]") = 0, from which we
conclude that 7'(z) cannot have closed range. Since the sets Ax(T') are open, it follows that Sp ,(T) = Rfork = 1,2, 3.

Code for this exercise can be found in “ex10_8.m” in the repository. We use the same computational setup and basis
functions as in Section 10.1.4 of the book. For this example oint(T(2)Q;, ,,) = O-jnf(T(Z)é:n’n), so the approximations of

SPess.1 (1), SPess o(T), and Sp, 5(T') are the same. Here is the output for m = 1 and n = 1000, which already captures
the essential spectrum:

1
le-1
le-2
-1 ‘ : le-3
-1 -0.5 0 0.5 1
Re(z)

Exercise 10.9

LetA : U — C™" be holomorphic and suppose that det(A(z)) is not identically zero on U. The function f(z) = det(A(z))
is holomorphic and its zeros are the eigenvalues of A. Since f is not identically zero, the eigenvalues of A are isolated.
Moreover, we can use the inversion formula for a matrix to see that A(z)~! is finitely meromorphic. It follows that the
spectrum of A is discrete. Let T be a piecewise smooth closed contour in U that avoids Sp(A), and assume that 1" has
winding number 1 around Sp(A). The sum of the algebraic multiplicities of the eigenvalues of A is the number of zeros
of the function f(z) inside Y. By the argument principle, this is equal to

1 @
2ni Jy f(2)

dz.

Jacobi’s formula shows that
'@

f(@)

Since taking the trace commutes with integration, we see that
1 (@)

2ni Jr £

and the first part of the question follows.

= Trace (%(Z)A(Z)l) )
dz

1
dz = Trace|— f %(Z)A(Z)J dz],
271 Jy dz
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Now suppose that 7 is bounded holomorphic and define

- L —T(z)T(z)—1 & and S = SL+L.

271 dz 2

The proof that L is finite rank with m = Trace(L) can be found in Gohberg, Israel C., and Efim L. Sigal. “An operator
generalization of the logarithmic residue theorem and the theorem of Rouché,” Mathematics of the USSR-Sbornik 13.4
(1971): 603 (even in the case of eigenvalues that are not semisimple; the semisimple case is an easy consequence of
Keldysh’s theorem). To see the equality with the trace of S, note that Trace(L*) = Trace(L) = m. Next, we compute
the expectation of ng gjas

E[giSei| = . coesB &, |waSuy = D chupSus = Trace(SC))
By=1 B=1

Since S has finite rank and C; converges strongly to the identity, it follows that S C; converges in norm to S. Since the
range of these operators is inside a fixed finite-dimensional subspace, lim;_,., Trace(S C;) = Trace(S).

For the probabilistic bound, note that Trace(S C;) = Trace( \/ES \/Fj). Since \/FjS \/F] is self-adjoint and has
finite rank, we may write \/FJS \/_J = ODQ for a finite diagonal matrix D = diag(dy,...,dy) and an isometry Q
written in quasimatrix form as

0=(1 @ - qu).

We first claim that we can write
M
0o (K
gﬂ) Sg;) = Zdilzi,k|2,
i=1

where Z;; ~ N¢(0, 1) are independent. We have

00

g;k)*Sg;k) _ Z cs cyf(k)$(k)lﬁﬁ5wy Z (k)é:(k)wﬁ \/_S \/—% Z (k)f(k)tﬁﬁQDQ .

By=1 By=1 By=1

Ziy = if(k)[Q Wgli = Z Vary,
B=1

where one can easily argue for the convergence of the series. To see independence, note that the variables are jointly
Gaussian with

We then set

k * * * * *
E|Z; 1204 = E[g?( 0| Gy = Y Wi i = Trace( 4) = O
Biy=1 B=1

By considering the real and imaginary parts of Z;, it follows that

2K M
= trg(S) — Trace(/C;S 4/C;) = ZKZZd(Y?k ),
k=1 i=
where Y;; ~ N(0, 1) are independent. Let
1 M
_ (V2 _ _
Xe= 52 D A =1, k=1...2K

i=1

Using independence, we have
1 ul M 1d,
log (E[¢]) = (_ﬁ def] -3 g7,
i=1 i=1
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We now assume that |td;|/(2K) < 1/2 and use the moment generating function of the chi-squared distribution to obtain

i v 1 td;
1 (E[*Ya])z——l 1-—.
oglElet 2 8 K

We further assume that |td;|/(2K) < 1/4 to obtain
M M dir)\? M
dit 1 td; (ﬁ() 2 I
log(Ele™])= Y —— —=log|l-—|< Y ——F—<— % d’ = —|/C;S \/C|l%
og( [e ]) A 2K 2 Og( K) ;1_2%{_%' 2[(2; i 2K2||\/_j \/_J”F
It follows that

C;S \[ClI%
B[o¥] < exp(wg],

s0 X is sub-exponential with v = V2| VC;S \JCjlle/ VK and a = 2| VC;S [C|ll/K. Moreover,

L MRS S SN AR
@ Koooaygsyel T

Applying the bound in the question, we have, for every 6 < [|/C;S /CilIr,

P(X >0) < exp( ke’ ]
- L ANGS Tl )

Applying the same argument to —X and using a union bound gives the required result.
For the Klein—Gordon example we use the same computational setup (including the contour and quadrature method)
as in Section 10.3.3 of the book. For the random vectors (i.e., the choices of C;), we use

Ny
D e En~ Ne(O, 1),

B=—N>

Code for this exercise can be found in “ex10_9.m” in the repository. The following figure shows the approximations
trg(S) of the trace. The correct limiting value of 2 is visible as N, increases and the covariance operators converge
strongly to the identity.

2.5

100 200 300 400 500
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Exercise 10.10
‘We consider the function
(- (5)
Fl = . .
Z wu—1

The Jacobian of this operator at (u, z) acts on (v, 4) as

S0 - TG TOQu\(v
Al L w 0 Al

The update rule for Newton’s method becomes

(T(Zk) T(l)(Zk)Mk) (Mk+1 - Mk) _ _( T (zi)uy )

w 0 T+l — Tk wiug — 1

This rearranges to
T(zuret = @k = )TV @ Wity = 1.

To see the equivalence with inverse iteration, let itz = [T(z)] ™' TV (z)ux = tre1 /(2 — Zxs1). Then

Wil _ W*I/lk+1 _ 1
k+1 = = .
(Zk = zree1) (2 — Zre1)
It follows that .
gy B 1
Ukl = — = > Zk+1 =2k — = -
W lj+1 W lj+1

The fact that the predator-prey system is holomorphic of type (A) follows from the observation that the part of the
operator that depends on z is bounded holomorphic. It is an easy check that the required conditions hold. Code for this
exercise can be found in “ex10_-10.m” in the repository and yields the bound stated in just a few Newton steps.

Exercise 10.11

Since o, (U \75) can be computed to any desired accuracy, the bound in Lemma 10.3.7 implies that we can compute
0m(S(2)) to any desired accuracy. By suitably modifying the methods of Chapter 3, one obtains a Aq‘ algorithm for
Sp.(S). Thatis, I'.5(T) is a 6-accurate approximation of Sp.(S). We compute I';,,,(T') for successively smaller < 6/4
until its output lies in the union of a finite number of balls of radius §/4 that are separated by at least 6/3. Since
each connected component of the pseudospectrum must contain a point in the spectrum, this output must then lie at
Hausdorft distance at most ¢ from the spectrum Sp(S') = Sp(7).
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11 Chapter 11

Exercise 11.1

Firstlet 1 < p < co. As in the L™ case, we define
[Kgl(x) = g(F(x)) for w-almost every x € X.

This is clearly linear. To see when it is bounded, we use the Radon—Nikodym theorem to see that

1Kl x0) = fx lg(F()IP dw(x) = fx [g(OI d(Fpw)(x) = fx (I pr(x) dw(x). (26)
If pr € L®(X, w), it follows that IIWgIIZ(X’w) < IIpFIILM(x,w)IIgIIZ(X’w) < oo and the Koopman operator is bounded.

Conversely, if ||or|lz~xw = o0, then since w is o-finite, there exists a set S, € X with 0 < w(S,) < oo such that
pr(x) > n for w-almost every x € S,,. By defining k,, = w(S,) and g, = k;”p on S, and O otherwise for eachn > 1, we
have ||gnllzrx.w) = 1 for all n but |Kg,llzrx.w) — o0 as n — oo.

The above also shows that ||K]|| < ||pF|IILL”(X’w) whenever ||orllz=x,w) < 0. Let € > 0 with € < [|or|lz~(x,w) and define
Xc={xeX: pr(x) > llprllz=(xw) — €}, which has w(X,) > 0 by definition of the essential supremum. Using the fact
that w is o-finite, we may assume that w(X,) < co without loss of generality in the following argument. Define the

function g, by g. = 1 on X, and 0 otherwise. Then ||g, = w(X,), but ||‘KgEIIZ,,( Xy 2 (lorllzs — €)w(Xe). Taking
1/p

L2 (Xw)
In the case p = 2 for every f, g € L*(X, w),

14
”LF(X,(U)

the limit as € — 0 we see that || K| = ||orl| exactly.

(Kf, Kg) = fX FF(x)g(F(x)) dw(x) = fx F(0g(x) d(Fyw)(x) = fx F(0g(0pr(x) dw(x).

The proposition now follows.
Suppose that pr(x) = 1 for w-almost every x € X. For each 1 < p < oo, using (26)

[ f 8GO pr(x) deo(x) = f G dw() = 8112, .-
X X

For the final part, let p = co and suppose that Fyw < w. If w < Fyw does not hold, then there exists a measurable
set § with w(S) > 0 but Fyw(S) = 0. It follows that

sllicxw =1, 1Kxsllioxw = ris)llicx.w = 0.

Hence, K is not an L (X, w)-isometry. For the other case, suppose that w < Fyw. We already know that [| Kg||~x.w) <
llgllex.w)- Let g € L*(X, w) with ||gllz~x.w) > 0 and € > 0. Set S¢ = {x : |g(x)| = llgllz~x.w) — €} (strictly speaking,
we choose an element in the equivalence class of functions equal to g almost everywhere). By definition of the
essential supremum, w(S.) > 0 and hence Fyw(S.) > 0. If x € F7'(S,), then |g(F(x))| > lIgllz=(x.wy — €. Since
W(FY(S ) = Fuw(S,), it follows that 1K gl x.w) = llgllz=(x.w) — €. Since € > 0 was arbitrary, we conclude that
1K gl o x.w) 2 18l (x,w)-

Exercise 11.2

These are some of the central results of Ridge, William C. “Spectrum of a composition operator,” Proceedings of the
American Mathematical Society 37.1 (1973): 121-127.

Exercise 11.3

We first recall the definition of a two-sided Bernoulli shift. Let kK € N and consider the space S; = {1,...,k} with the
discrete topology. Form the product space

X=[[Se=10, K = (tadez : 30 € S,
nez

86



equipped with the product topology and product o-algebra. Define the function F({x,},ez) = {Xn+1}nez. Given a vector
p = (p1, ..., pr) of non-negative numbers with Z];-:l pj = 1, consider the measure u = Z’;Zl pjojonSi. This induces
a product measure w and (X, w; F) is a two-sided Bernoulli shift.

We may assume that p; > 0 without loss of generality (otherwise delete the corresponding symbols). Let
{1, fi,..., fic1) be an orthonormal basis of L>(Sy,u). For each n € Z, define the functions f}"}(x) = fj(x,) for
j=1,...,k— 1. All finite products of these functions with distinct indices, together with the function 1, yield an
orthonormal basis of L?(X, w). Call two elements of the above basis equivalent if some integer power of K carries
one onto the other. The function 1 constitutes its own equivalence class; the other basis functions split into countably
many equivalence classes that have the structure required for Lebesgue spectrum.

A one-sided Bernoulli shift is not invertible (in the measure-theoretic sense) and so does not have a unitary Koopman
operator. Hence, it cannot have a Lebesgue spectrum.

Recall that for X = [0, 27r]}2,er and w the normalised Lebesgue measure on X, the cat map is defined by

Fo=(7 1)) moazm,

Consider complex exponentials of the form cm,,,ei(’"“"” for m,n € Z, with c¢,,,, a normalisation constant. These then
form an orthonormal basis of L?(X, w); we show moreover that after relabelling they provide a Lebesgue spectrum.

In particular, let g; o = c; 0™ and then define g;,, = K"g1.0/IK " g10ll for n € Z (as F and hence % is invertible).
Then let g, be the cm,nei(’”“"y) with the smallest value of |m| + |n| that is not already any of the g ;, and as before
define g2, = K" g20/|1K " g2.0l|. Repeat this process by induction to construct g, , for all m € Z* and n € Z. Note that
no repeat elements appear in this set as F is a bijection, and every c,,,e/™**™ for m € Z and n € Z appears at some
point. Hence, we may conclude that the cat map has a Lebesgue spectrum of countably infinite multiplicity.

Exercise 11.4

The Koopman operator acts as a right shift on 2(2Z). Using Fourier series, we may identify this space with L*([-n, Tlper)-
The Koopman operator then becomes multiplication by ¢'*. In particular, given g € L*([—n, T]per), this identification

means that |

g;(") = Zt

—in 1 n 1 —in
f e d€y(6) = 5.(8:K"g) = 5 f (@) de.
[_”aﬂ]per 4 n [_”sn]per

It follows that &, is absolutely continuous with Radon-Nikodym derivative p4(6) = lg(0)]>. In particular, under our
isomorphism between ¢>(Z) and L*([-n, Tlper), g(k) = sin(k)/(k \/m) becomes

oK sin(k)

g0 = Z \/—z_ﬂm,

keZ

which is exactly the Fourier series of y_1,1;/ V2, completing the exercise.

Exercise 11.5

It is immediate to check that all of the Haar wavelet functions have norm 1. It is also clear that the function 1 is
orthogonal to the other Haar wavelet functions. For each n, k;, and ky, ¢, and ¢,, have disjoint support so are
orthogonal. For each ny, ny, ki, k, where n; < n, without loss of generality, the support of ¢, x, is contained in a region
on which ¢y, s, is constant (with value 0, 1 or —1) and so they are again orthogonal. For completeness, note that finite
linear combinations of Haar wavelets can produce the indicator function of each closed interval in [0, 1] with dyadic
endpoints, and it is a standard result that these are dense in L*([0, 1]).

Clearly K1 = 1. Now, for0 < x < 1/2

Kpni(x) = @ (2%) = 222" x — k) = L2<"+W2«>(2”“x -k = iso,ﬁl,k(x).
V2 V2
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Similarly, for 1/2 < x < 1,
1
Koni(x) = @ui(2 = 2x) = 2"2p(2"(2 = 2x) — k) = %2“’”)/290(1 —(k+1=2"1 421y

1 1
= _@2(n+1)/2(p(2n+1x _ (2n+1 — k - 1)) = _%¢n+l,2'l+]—(k+l)(x)7

using that ¢(1-x) = —¢(x). Butnote that supp ¢,+14 C [0,1/2] (ask € {0, 1, ...,2"—1} and similarly Supp ¢,,+1 2r+1_(k+1) C

[1/2, 1] and so we conclude that
% 1 1
Onk = —F=Pn+lk = —=Pn+121—(k+1)-
\/z + \/z + (k+1)

This implies that K is not unitary as it is not surjective, as ¢ o is not in its range. Howeyver, it is an isometry (it is easily
checked that K*Kenx = @ni).

Suppose that g € span{1}* is a finite linear combination of the functions ¢, ;. The above shows that (g, K" g) vanishes
for large n and hence &, is a trigonometric polynomial. Such g are dense in {1}* and hence L*([0,1]) = span{1} & H,.

Exercise 11.6

Recall that for X = [0, 27r],er and w a normalised Lebesgue measure, the doubling map is defined by

2x, if 0 < x<m,
F(x) = 2x (mod 27) = = nusAsT
2x=2nr, ifrm<x<2m
Fix a Borel measurable set S. Note that w(S) = ||xs II? and also w(F~(S)) = 1K xs I?. We expand ys in a Fourier
basis as ys(x) = 250 a,e"™ . Then by Parseval’s identity, w(S) = Y50 |a,[*>. But then Kys(x) = 3 a,e*" for
all x, and so by Parseval’s identity w(F~'(S)) = % |a,|* = w(S), completing the proof. Alternatively, note that the

n=-—o00

doubling map is measure-preserving if and only if it is an isometry, which is shown by the same argument as the above.

Exercise 11.7

Suppose that K is invertible as an operator on LP(X,w) for some 1 < p < oo. Fix § with w(S) < co. Then
Xs € LP(X,w) and so as K is surjective, there exists f € LP(X,w) such that Kf = ys. Let § = {x € X : f(x) = 1}.
Then F~'(§) = {x € X : f(F(x)) = 1}, which is the same as § = {x € X : ys(x) = 1} up to a measure zero set, and
sow(S \ F7'(§)) = w(F'(§)\ ) = 0. Hence, the measure-preserving system is invertible in the sense of Definition
11.1.16.

Conversely, suppose that the measure-preserving system is invertible and take 1 < p < oco. As K is bounded on
LP(X, w) (as the system is measure-preserving), it suffices to show that it is a bijection.

We begin by showing that it is injective. Let g,h € LP(X, w) such that Kg = Kh. Let S = {x € X : g(F(x)) #
h(F(x))}, so w(S) = 0. Define also T = {x € X : g(x) # h(x)}. Then F~/(T) = S. But as F is measure-preserving,
w(S) = wF(T)=w(T)=0,s0g = h.

Next, we show that K is surjective. Functions of the form 27:1 cnys, for sets S, with w(S,) < co are dense
in LP(X,w) for 1 < p < oo. Together with the fact that K is continuous with closed range (it is an isometry), it
follows that it suffices to show that all indicator functions of finite, measurable sets are in the range of K. Fix a
measurable set S with finite measure. Then there exists § such that w(S \ F71(§)) = w(F'(§)\ S) = 0. Then
17Cxs = Xsl7pxay = WS \FH(S) + w(F'(§)\ S) = 0and so Kys = xs.

For the case of p = oo, the above argument for injectivity already works. For surjectivity, we use the fact that
w(X) < oo implies that functions of the form Z’}:l cnxs, for sets S, with w(S,) < co are dense in L*(X,w). The
argument then proceeds as before.

Exercise 11.8

For the first part, suppose first that whenever Kg = g, g is constant w-almost everywhere. Let A be an invariant
set. Then [Kxal(x) = xa(F(x)) = xa(x) and so y4 is constant w-almost everywhere. Hence w(A) = 0 or w(A) = 1.
Conversely, suppose that every invariant set has measure 0 or 1. Let g be such that g = g. Then for ¢ € Q define
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X, = {x : |g(x)| £ g} (which is well-defined up to a set of measure 0). Then as Kg = g, X, is an invariant set and so by
ergodicity w(X,) = 0 or w(X,y) = 1. Thenif r = sup{g € Q : w(X,) = 1}, |g|] = r w-almost everywhere. We can then
argue in a similar manner for the complex argument of g.

For the second part, fix g € L*(X, ). Then we can write g(x) = ¥.°0_ g,e"* for coefficients g,. Then

[Kgl(x) = i gne" ) = i (gne" )™,

n=-—00 n=-—o00

ina ina

Then Kg = g w-almost everywhere if and only if g,e"* = g, for all n, which is true if and only if ¢"* = 1 for all n such
that g, # 0. If a/(2n) is irrational, € = 1 for n = 0 only, so Kg = g w-almost everywhere if and only if g is constant
w-almost everywhere. Conversely, if a/(2x) is rational, there exist n # 0 such that na € 227 and so é" = 1, so there
exists a g such that K'g = g but g is not constant w-almost everywhere.

Exercise 11.9

We begin by showing that a strongly mixing system is ergodic. Let A be an invariant set. Then F™"(A) N A = A for all

n (up to sets of measure zero). Hence, by the strong mixing condition w(A) = w(A)? and so w(A) = 0 or w(A) = 1.
Next, suppose the system has countable Lebesgue spectrum, i.e., we have an orthonormal basis of L*(X,w)

{1,gi;:i€N,je Z}such that Kg;; = g j-1. Take measurable sets S; and S,. Since xs,,xs, € L*(X, w), we can

write them as
Xs, = ap+ Z Z aii8ij> Xs, =bo+ Z Z bijgij-

ieN jeZ ieN jeZ

Then as 1 is orthogonal to g; ; for all 7, j, w(S 1) = ap and w(S2) = bg. Then

w(F"(S1 NSy = f XFrsp(0xs, (X) dw(x) = f [K"xs, 1(x)xs, (%) dw(x).
X X
But then as K"xs, = ap + Xiew 2 jez di j+n&i,j» by orthonormality we obtain that

WF(S1)N82) = (S 1)w(S2) = D > asjinbi).

ieN jeZ

The quantity on the right-hand side converges to zero as n — oo by a simple tail argument.

Exercise 11.10

The results are given in Theorems 4, 5, and 6 of Nordgren, Eric A. “Composition operators,” Canadian Journal of
Mathematics 20 (1968): 442-449.

Exercise 11.11

‘We have ‘
X = UV, Kpwp = YX', Kpup = U'YVEL, KpupW =WA, @®=YVI'W,

It follows that
Kovp® = YX'YVE'W = YVE'U'YVE!'W = YV 'KpypW = YVZ!'WA = @A.
Now suppose that 2 € C with A # 0 is an eigenvalue of Kpyp with eigenvector v. Then
v=21"Kpupv = YVZ'U".
In particular, the vector u = U*v is nonzero. Moreover,
Kpupu = U'YVE'U'v = U'YX'v = AUV = Au.

It follows that u is an eigenvector of Kpmp with eigenvalue A.
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Exercise 11.12

As suggested, we define iy p(z, F) = oing(W'2¥yPR™ — zQ) and for € > 0 we let I;(e) = [0,e — 1/N] and
I(e) = [e = 1/(2N), ). We then define Ty (F, €) as follows. For z € Grid(N) = x(Z+iZ)n{z € C : |z| < N},
let k be the largest j € {1,..., M} such that hy j(z, F) € II{,(E) U 112\,(6). If such a k exists with hyy(z, F) € I,l\,(e), then
z € vy (F, €) and otherwise z ¢ I'n y(F, €).

As j — oo, hy j(z, F) converges to the relevant injection moduli, the sequence Ay, (z, F) cannot lie in both of / 11\/(6)
and Il%,(e) infinitely many times; hence, limy_,. I'yy(F, €) = I'y(F, €) exists. Then we have the inclusions:

{z € Grid(N) : hy(z, F) < € = 1/N} C Ty(F. €) € {z € Grid(N) : hy(z, F) < € = 1/(2N)} € Sp,, (K.

In particular, the first inclusion follows as if y(z, F) < € — 1/N then hy j(z, F) lies in [ ]lv(e) infinitely many times (and
in [12\/(6) only finitely many times), so z € I'y(F, €). The second inclusion follows as if z € I'y(F, €), then Ay j(z, F)
can only lie in Il%l(e) finitely many times and hence we must have that hy(z, F) < € — 1/(2N). The third inclusion is
immediate by definition. Then, by standard arguments from Chapter 3 it follows that limy_,. ['y(F, €) = Spap!E(W ).
Finally, convergence of the approximate point pseudospectrum to the approximate point spectrum as € — 0 completes
the result.

We now turn to computing the full spectrum. Since Sp(K) = Sp,,(K) U Sp,,(K*), we want to provide a Hf

algorithm to compute Sp,,(K*). Compared to Sp,,(K), we require an additional limit to compute the operator folding
terms (K™ f, K*g) (as opposed to (K f, Kg)).

Take Ny, N, € N with N; > N, and consider G, A computed using N; dictionary functions and the arguments from
the proof of Theorem 11.3.5. Let R = AG™'A* € CN>M and g € span{gi, ..., gn,}. A direct calculation shows that

N
> GisiRik = Py, K8 Py, K3).
Jok=1

It follows that

N,
D\ BgiR = AA" = TA +14PG) 5 = (Py, (K = Dg. Py, (K" = D).
jk=1

The proof from here follows much the same arguments as Theorem 11.3.5. Let
Py (2 F) = 0Py (K = 2Py, ).
By Lemma 1.2.6, as we take n; — oo this converges monotonically from below to
Iy (2, F) = int (K" = DP, ),

which in turn converges monotonically from above to oins (K™ —7) as np — oo. Now let Ay, n, 4, (2, F) be a sequence of
functions that we can compute such that lim,, 0 fny 1y 0, (2, F) = hin, 5, (2, F). For the n3 limit we have to take care as
in the previous exercise. The final limit follows from the convergence of the approximate point pseudospectrum to the
approximate point spectrum.

For the case of the class )} we may use the same arguments as Theorem 11.3.5 to reduce the total number of limits
by 1 (essentially as we can take the n3 and n, limits simultaneously). Similarly, the measure-preserving cases reduce
the number of limits by 1 in each case (essentially by removing the need for the final limit). Note that if the Koopman
operator is unitary and not just an isometry, then Sp,(KX) = Sp,,(K*) and there is no difference in classification
between these two components of the spectrum.

Exercise 11.13

Since ¢y = QXZ* and Z is an isometry, the numerator of the residual is the norm of
W' 2(@yZ — ApxZ)v = W@y Zv — AW'/2QXv.

Since X is invertible, _
¢rZ = QXX 'Q'pypyQr~' = QXK.

Since Kv = v, the numerator of the proposed residual in the exercise vanishes.
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Exercise 11.14

The proof for the first part is similar to that of Corollary 5.2.4 (which in turn is based on the proof of Corollary 4.2.7).
However, care is needed due to the limit superior as M — oco. We may take an open subset U € [—7, ]per (instead of
T). Since K is unitary, by the spectral theorem there exists g € LX(X, w) with llgll = 1 such that &(U) > 0. We may
choose a continuous function ¢ : [-7, ]y — R of compact support in U, such that |¢|CS'J <1and

T

f P(p) d&, (@) > 0.
[_ﬂy”]per
Corollary 11.5.5 shows that

lim lim sup
Nooo pr o0

f[ | #(p) dedM () - ¢(¢)d§g(<p)| = 0.

[t 7] per

It follows that, for sufficiently large N,
lim inf f #(e) deg" (@) > 0.
=% e

Since ¢ is supported in U, this implies that lim sup,,_,., inf jesp(k,,,) dist(4, U) = 0.

The proof of the second part is similar to that of Corollary 5.2.5 (which in turn is based on the proof of Corollary
4.2.8). Since Sp(K) and E are closed, by Urysohn’s lemma there exists a bounded, continuous function ¢ : [—7, 7]per —
[0, 1] such that ¢(¢) = 0 if exp(ip) € Sp(K) and ¢(¢) = 1 if ¢ € E. Then we have that

2
el =¥ [ o) denutormn
E
2 2
=¥ &) dEN m ()N M —H‘I’ f #(@) dEN m(P)8N.M
[=7, 7] per [=7,7]per \E
’ 2 l 2
<||¥ &) dEnm()gN M| = H‘I' f d(p) dEN m()ENM — f d(p)dE(p)g||
[—7m 7] per [—7, 7l per [—7, 7l per

where the second equality holds by the orthogonality of spectral projections and the first and last by the definition of
¢. Corollary 11.5.5 implies that limy_,. lim sup,,_,, I'En m(E)gn,mll = 0.

Exercise 11.15

The first part follows by combining Proposition 11.6.6 and the functional calculus from Chapter 5, as well as the results
for computing point spectra from Chapter 6. In particular, if g is a finite linear combination of the functions g;, then
we may compute W, ,, (g) such that

M Wi, (8) = War(8),  lim Wiy () = [Pppsll® = ™ (T),
100 »—00
where /,lépp) is the pure point part of the spectral measure of K with respect to g and the convergence as n, — oo is

from below. Now let {g;};7, be a set of such g that densely fill span{1}* (we can achieve this by letting g; be a constant
function and using {g2, g3, ...} to form {g;};7 ). We then set

Any (F) = lrsr}(a;éz an,nl(gk)'

Define the two separated intervals I; = [0,1/4] and I, = [1/2,00). As n; — oo, a,,,, (F) converges to a,,(F) =
max<k<n, Wn,(8x) and hence cannot visit both /; and I, infinitely often. For a given n;, we set I, ,, (F) = 1 if the
largest [ = 1,...,n; with a,,; € I} U I, has a,,; € I;. If no such [ exists, or a,,; € I, we set [, ,,(F) = 0. If
E‘[i,eC(F ) = 1, then #gp) (T) = 0 for all k and hence a,,(F) = 0 for all n,. It follows that lim,, e [y, n, (F) = 1. If

E9°°(F) = 0, then there exists g with ugp )(T) > 1/2 and hence a,,,(F) > 1/2 for sufficiently large n,. It follows that
limy,, —y00 I'ny 0, (F) = O for sufficiently large n,. Moreover, since ay, ,, (F) are increasing in ny, I',,,(F) is decreasing in
ny. It follows that {5, @', Mec, Ax}* € IIS.

91



	Chapter 1
	Chapter 2
	Chapter 3
	Chapter 4
	Chapter 5
	Chapter 6
	Chapter 7
	Chapter 8
	Chapter 9
	Chapter 10
	Chapter 11

